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Abstract 

We prove new results about the remarkable infinite simple groups introduced by 
Richard Thompson in the 1960s. We give a faithful representation in the Cuntz C*- 
algebra. For the finitely presented simple group V we show that the word-length and the 
table size satisfy an n log n relation. We show that the word problem of V belongs to the 
parallel complexity class AC 1 (a subclass of P), whereas the generalized word problem of 
V is undecidable. 

We study the distortion functions of V and show that V contains all finite direct 
products of finitely generated free groups as subgroups with linear distortion. As a conse- 
quence, up to polynomial equivalence of functions, the following three sets are the same: 
the set of distortions of V, the set of Dehn functions of finitely presented groups, and the 
set of time complexity functions of nondeterministic Turing machines. 

1 Introduction 

In j30| Thompson constructed a simple finitely presented infinite group, one of the most re- 
markable groups ever found. He denoted it by Pa( aJ 2) and by Ft(K) in |41j . by V in [121, and 
by €! in [20]; in it is denoted by V, and we will follow that convention, which has been 
widely adopted. We will also use the uncountable Thompson group Q 2 ,i (following the notation 
of jHE])- The proofs of the main properties of V were first outlined in [H] and can be found in 
detail in |3J, or in ^3] (where it is called (j2,i, as part of an infinite family of finitely presented 
simple groups). 

Thompson denned his groups as permutation groups of certain sets of infinite words over 
the alphabet {0, 1}. We will follow and indirectly [Hj, and define V by partial bijections 
of the free monoid {a, b}*. The advantage of this definition is that partial actions on finite 
words enable us to define algorithmic problems and their complexity. From now on, "word" 
will mean "finite word". 

Our setting for the Thompson groups requires a number of elementary definitions and facts. 
Almost all of these concepts are standard (the literature on Thompson groups suffers from 
idiosyncratic terminology, which can usually be avoided). Since the Thompson groups are 
based on partial actions, we have to choose a side for the actions. We choose to act on the 
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left. The main advantage of this choice will turn out to be the connection between Thompson 
groups acting on the left, and prefix codes. The literature on codes greatly prefers prefix codes 
over suffix codes, and we hope that this choice improves readability. 

Let A be a finite alphabet. The set of all words over A (including the empty word e) is 
denoted by A*. Concatenation of two words u,v G A* is denoted by u ■ v or simply uv; A* 
is a monoid under the concatenation operation. For two sets Xi,X 2 C A*, we denote their 
concatenation by X^X 2 or by Xi ■ X 2 , defined by XiX 2 = {xiX 2 G A* : X\ G X 1 ,x 2 G X 2 }. 
From now on we assume that the alphabet A has a least two letters. 

A right ideal of A* is defined to be a subset R O A* such that R ■ A* C R (i.e., R is closed 
under multiplication by any word in A* on the right). 

For two words u, v G A*, we say that u is a prefix of v iff v = ux for some x G A*; we also 
write m > pre f f or v < prc f w; this is a partial order, related to set inclusion by the fact that 
v < prc f u iff vA* C mA*. We say that m is a sinct prefix of t> (and write w > pre f f ) iff w > pre f v 
and u ^ v. We say that it and t> are prefix- comparable iff t> < pre f w or u < pre f u; we denote this 
by u ^ P ref v. A prefix code over A is defined to be a subset C of A* such that no element of 
C is a strict prefix of another element of C. The monograph P is an excellent reference for 
the material on prefix codes that we use here. By definition, a maximal prefix code over an 
alphabet A is a prefix code over A which is not a strict subset of any other prefix code over A. 

For a right ideal R of A*, a set T C P is called a set of right-ideal generators of P (or just 
"generators") iff R = T ■ A*. One can prove (see Lemma f8.1jl that any right ideal R of A* has 
a unique minimal (under inclusion) set of right-ideal generators, and this set of generators is a 
prefix code. Hence, prefix codes could be called "right-ideal bases" . Moreover, since the prefix 
code of a right ideal is unique, right ideals of A* and prefix codes over A are in one-to-one 
correspondence (see Lemma f8. II in Appendix Al for proofs). 

A right ideal R of A* is said to be finitely generated iff the prefix code corresponding to R 
is finite. A right ideal R of A* is called essential iff R has a non-empty intersection with every 
right ideal of A*. (This is C*-algebra terminology.) Note that a right ideal R of A* is essential 
if its prefix code is maximal; this is also equivalent to saying that R is a right ideal such that 
for every there is x G A* such that ux G R (see Lemma [8.1)1 . Clearly, if a right ideal J 

contains an essential right ideal of A*, then J is essential too. 

By definition, a right-ideal homomorphism of A* is a function ip : R\ — > R 2 such that Pi 
and R 2 are right ideals of A*, and such that for all u G Pi and all x G A*: y?(w) ' x = ^{ux). 
A right-ideal isomorphism of A* is a bijective right-ideal homomorphism. 

One can prove (see Lemma I8.2J1 that the set of all right-ideal homomorphisms (or iso- 
morphisms) of A* is in one-to-one correspondence with the set of all functions (respectively 
bijections) between prefix codes of A*. For a right-ideal isomorphism (p : Pi A* — ► P 2 A*, where 
Pi and P 2 are prefix codes, the restriction r v : Pi — > P2 is a bijection, and determines 9? 
uniquely. Following Thompson, the restriction t v : P x — » P 2 of 9? will be called the table of ip, 
and will be used to represent ip by a traditional (finite) function table. (In ^3] and this 
was called the "symbol of </?"). The maximal prefix code Pi is called the domain code of </?, and 
P2 is called the image code or range code of 

By definition, an extension of a right-ideal isomorphism ip : Pi — > R 2 is a right-ideal 
isomorphism $ : Jj — >• J 2 where J\,J 2 are right ideals such that Pi C J 1; P 2 C J 2 , and $ 
agrees with </? on Pi (i.e., $(x) = v 5 ^) for all x G Pi). In that case we also call (p a restriction 
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of $. The extension, and the restriction, are called strict iff ip ^ $. 

A right-ideal isomorphism is said to be maximal iff it has no strict extension in A*; it is 
called extendable otherwise. We denote the maximum extension of p by max(p; we will prove 
in Lemma \2. II that the maximum extension of an isomorphism between essential right ideals is 
unique (for this uniqueness, it is necessary that the ideals be essential). 

Most of the above concepts can be pictured, using trees. The monoid A* can be described 
by the Cayley graph of the right regular representation of A* relative to the generating set A. 
We will simply call this the tree of A*. It is an infinite tree rooted at the empty word e. Every 
vertex has \A\ children. Every subset of A* is pictured as a set of vertices of this infinite tree. 
A prefix code is pictured as a set of vertices, no two of which lie on a same directed path from 
the root. A finite prefix code is maximal iff it is a prefix code that forms a "cut" in the tree 
(i.e., a set of vertices whose removal disconnects the root of the tree from all the "ends" of the 
tree). Infinite maximal prefix codes are harder to visualize, but the following concept is useful: 

For any prefix code P C A* (? ^ 0), the prefix tree of P is defined to be the subtree of 
the tree of A*, whose vertex subset consists of all the prefixes of words in P (and whose root is 
still e). Hence, the set of leaves of this subtree is P. We have the following general facts about 
non-empty subsets PC A* (finite or infinite): 

• P is a prefix code iff P is the set of leaves of a subtree of the tree of A* . 

• A prefix code P is maximal iff every non-leaf vertex of the prefix tree of P has exactly \A\ 
children (in the prefix tree of P). 

A right ideal of A* is the same thing as an order ideal relative to the prefix order < pre f in A*. 
A (maximal) prefix code in A* is the same thing as a (maximal) anti-chain relative to the prefix 
order < pre f- Right-ideal isomorphisms are the same thing as prefix-order isomorphisms between 
prefix-order ideals. So, our discussion could also be carried out in partial-order terminology. 

Prefix codes are well known; see e.g. ^3], PQ- They are not only of mathematical interest 
but are used in practice (e.g., in text compression by Huffman coding, and for error correcting 
codes). 

Example 1.1 — Some infinite maximal prefix codes 

Infinite maximal prefix codes can be extremely complex. Here are some examples. 

(1) For any fixed infinite sequence (a±, aa, ■ ■ ■ , a n _i, a n , . . .) G A w one can build an infinite 
maximal prefix code as follows. For any a G A, let o~(a) Gibe another letter a) chosen in 
A. Consider the code P = {ai . . . a n _i a(a n ) : n > 1}. Such infinite prefix codes have "one 
infinite path-shaped end" . 

(2) Combination of prefix codes: Let X = {xi : i G /} be a prefix code, and let (Qi : i G I) be 
a family of prefix codes, with \X\ = \I\ (finite or infinite). Then [J ieI XiQi is a prefix code, 
which is maximal if X and each Qi are maximal. This enables us to construct maximal prefix 
codes with any number of "infinite path-shaped ends" . 

(3) An infinite maximal prefix code does not need to have any "path-shaped ends"; instead, 
it could have any number of infinite "tree-shaped ends". For example, consider the following 
code over {a, b}: P = {a 2 , b 2 }* ■ {ab, ba}. By looking at the prefix tree of P it is easy to see 
that P is a prefix code (all the words in P are leaves of the prefix tree) and that it is maximal 
(all non-leaves have two children). Another example of a similar infinite maximal prefix code 
is {a 2 ,ab, b 2 }* ■ {ba}. See jT] for more examples. 
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2 The Thompson groups 



Before defining the Thompson groups we prove a few facts about isomorphisms of right ideals 
of A*. Proposition 12.11 and Lemmas 12.21 and 12.51 appear in Thompson's work and in jSS], with 
a similar content but a different formalism. Lemmas 12.31 and 12.41 are new. 

Proposition 2.1 An isomorphism between essential right ideals of A* has a unique maximum 
extension. 

Equivalently, if two isomorphisms <pi,<P2 between essential right ideals agree on an essential 
right ideal then ipi and if 2 have the same maximum extension. 

Proof. Let ip : PiA* — > P^A* be an isomorphism of essential right ideals, where Pi and P2 are 
maximal prefix codes. If ip(x) is not defined for some iGi* then (by Lemma 18.11 (4)), there 
exists p G P± with x > pre f p. Let p x be the first element in the lexicographic order (assuming we 
have chosen a fixed total order for the finite alphabet A) such that p x G Pi and x > pre f Px = xu x 
(for some u x G A*). Then p x and u x are uniquely determined by x and (p. 

If there is an extension $ of <p such that <&(x) is defined, then <p(p x ) = ®(Px) — $(x)u x . 
Hence, $(x) is uniquely determined by x and ip. 

It follows from this the union of extensions of ip is a well defined extension too. Thus, we 
can take the union of all extensions of ip to obtain the maximum extension of ip. □ 

The next two Lemmas give useful characterizations of extendability and maximality of 
right-ideal isomorphisms of essential right ideals. They will be used in the next section. 

Lemma 2.2 Let ip : PiA* — ► P2A* be an isomorphism of essential right ideals, where Pi and 
P 2 are finite maximal prefix codes. Then ip is extendable iff there are xo,yo G A* such that for 
every letter a G A: x a G Pi, y^a G P2, and ip(x a) = y a. 

(If this condition holds, ip can be extended by mapping x to y .) 

Proof. If xo« G Pi, yo<y G P2 and <p(xoa) = y^a for every letter a E A, then <p can be extended 
by defining <p(xo) to be yo. The prefix code of the domain then becomes Pi U {a;o} — xqA, and 
the prefix code of the range becomes P2 U {yo} — y^A. 

Conversely, suppose ip can be strictly extended to Consider a word xq on which tp is not 
defined, but on which $ is defined. 

Case 1: If for all a G A, ip(x a) is defined, i.e., x a G P\A* , then actually x a G Pi (since ip 
is not defined on any strict prefix of xqol). Also, ip{xoa) = &(xoa) = $(xo)a. So we pick y to 
be $(xo). Then y a G P2A*, for all a G A; but actually, y^a G P2 (since <p~ l is not defined on 
any strict prefix of yoa). Now xq and yo satisfy the properties of the Lemma. 

Case 2: If for some a G A, ip(xo<y) is not defined, we replace xq by x^a and continue the 
reasoning. Eventually, we reach case 1, since Pi is finite and maximal. □ 

Note that the Lemma is not always true for infinitely generated essential right ideals. For 
example, let A = {a, b}, consider the maximal prefix code P\ = P2 = {a n b : n G N}, and let ip 
be the identity map on P\A* = {a n b : n G N} ■ {a, b}* = {a, b}* — {a}*. Then ip can obviously 
be extended to the identity map on {a, b}*, but there is no word x such that xa, xb G P\. 

The following Lemma gives a criterion for extendability in the general case. 
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Lemma 2.3 Let f : P\A* — > P 2 A* be an isomorphism of essential right ideals, where P± and 
P 2 are arbitrary maximal prefix codes. Then ip is extendable iff there exists a maximal prefix 
code Q C A* with \Q\ > 1, and there are Xo,yo £ A* such that for all q £ Q : x^q £ P\, 
VoQ e P 2 , and <p(x q) = VoQ- 

If Pi and P 2 are finite then is is enough to consider finite codes Q. 

One sees that the general Lemma differs from the finite case by the fact that all possible maximal 
prefix codes are used (instead of the alphabet A, which is a very special maximal prefix code). 

We will use the following notation: For any set L £ A* and any word x £ A*, we define 

xL = {w £ A* : xw £ L}. 

Proof. If the condition in the Lemma holds (i.e., f(xoq) = y^q for all q £ Q), then <f can be 
extended by defining the image of x w to be y w (for all w £ A*). 

Conversely, suppose ip can be extended to an isomorphism of essential right ideals $. Con- 
sider a word xo on which ip is not defined, but on which $ is defined, and suppose $(xo) = yo- 
Define Q as follows: 

Q = {w £ A* : x w £ Pi} = x^P 1 . 

By Lemma [8.51 in Appendix Al, Q is a maximal prefix code. 

Claim: XoP\ = y§P 2 ( = Q). Hence, y q £ P 2 for all q £ Q. 

Indeed, w £ xqP\ iff xqw £ Pi, iff ip(xow) £ P 2 . Moreover, ip(xow) = $(x w) = $(xo) w = 
yow. Hence, w £ xqPi iff y^w £ P 2 ; the latter holds iff w £ yoP 2 . This proves the Claim. 

Finally, for any q £ Q, f(x q) = $(x g) = $(x ) q = y q. □ 

Lemma 2.4 Let if : P\A* P 2 A* be as in the previous Lemma; then the maximum extension 
of if can be obtained as follows. There are two maximal prefix codes {xi : i £ J}, {yi : i £ /} C 
A* (for an index set I C N), such that 

(a) for each i £ / there is a maximal prefix code Qi such that XiQi C P x , ytQi C P 2; and /or 
all q £ V^i?) = Viq; 

(b) t/je sets XiQi and yiQi are C -maximal. 

T/ien defined by Xi 1— > (/or a// i & I), is the maximum extension off. 

Figure 1 below gives the tree picture representing the prefix code P[ of $ : P[A* — > P 2 A*, 
the prefix code Pi of ip : P X A* — > P 2 A*, an element £ P[, and the prefix code Qi used to 
extend ^ to $, at Xj. To extend f to $, we need a prefix code Qj = xiPi for each x, £ P[. In 
this picture, Xi should be viewed as the root of the tree for Qi. 
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Fig. 1: Extendability condition 

Remarks. (0) In Lemma f2 .41 we allow Qi to consist of just the empty word. 

(1) C-Maximality of the sets XiQi and y^Qi (i G I) is defined as follows: Suppose there exist 
a maximal prefix code Q and words x,y such that xQ C P 1 , yQ C P 2 , and for all q G Q: 
<p{xq) = yq. And suppose there exists j G I such that SjQj C xQ and t/jQj C yQ. Then 
x = Xj,y = yj,Q = Qj. 

(2) When (p is already maximum then the Lemma holds with {xi : i G /} = Pi, {yi : i G 1} = P2 
and = {e} for alH G / (where e denotes the empty string). 

(3) The sets XiQi (for i G I) are two-by-two disjoint (and similarly for the sets yiQi). So all 
the extensions, from XiQiA* to XiA*, as i ranges over /, are independent (for different z's), and 
can be viewed as being carried out in parallel. 

Proof of Lemma (2.41 If ip is already maximal there is nothing to prove (by Remark (2)). If 
cp can be extended then, by Lemma l2~3l the words yi and the sets Qi exist, satisfying the 
claimed properties (a) and (b), and the map $ obtained is an extension of (p. We have to show 
that $ is the maximum extension of ip. 

After each set x^Qi has been replaced by x^ (and each yiQi by y^ in the extension process, 
the domain code of $ is {xi : i G /} and the image code of $ is {y^ : i e J}. 

The following Claim implies, by Lemma f2. 31 that $ cannot be extended. 

Claim. The sets {xi : i G /} , {yi : i G /} have no strict subset of the form xP, respectively yP, 
with <&(xp) = yp for all p G P (where P is a maximal prefix code with more than one element). 

Proof of the Claim: If, by contradiction, the Claim is false then there is a non-trivial maximal 
prefix code P such that xP = {xj : j G J} = {xpj : j G J} and yP = {yj : j G J} = {ypj : 
j G J}, for some J C I. Then [jj^jXpjQj = x{j jeJ pjQj; moreover, Uj^jPjQj = Q is a 
maximal prefix code (by construction (2) in Example II. 1)1 . with xQ C P x and C P 2 . Now, 
contains Xj 1 Qj 1 Uxj 2 Qj 2 U . . . (for some ji,j2, ■ ■ ■ G J C / with jx 7^ j 2 )? which contradicts 
C-maximality (assumption (b)). □ 

Lemma 2.5 Lei y?i and yj 2 be right-ideal isomorphisms between essential right ideals of A* . 
Then yj 2; have restrictions (p' 1; respectively <p' 2 , such that the range of is equal to the 
domain of <p' 2 . 

If the domain and ranges of tpi and <p2 are finitely generated then so are the domains and 
ranges of ip[ and ip' 2 . 
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Proof. Let <p\ : -Ri — > Q\ and y?2 : R2 — > Q2 be right-ideal isomorphisms between essential 
right ideals. We want to show that there is a restriction ip\ of ipi, and a restriction ip' 2 of ip 2 , 
such that 

where R[ (C Q' 2 (C Q 2 ), and 5" (C Qi H -R2) are essential right ideals, and ip'i,ip' 2 are 
right-ideal isomorphisms. 

Let 5" = Qi fl i?2, -R'i = Pi (S'), and Q' 2 = <p' 2 (S'). Also let ^ be the restriction of y?i to 

and let ip 2 be the restriction of <p 2 to S". 

The intersection of two right ideals Qi, R 2 , is obviously a right ideal, and Q\ C\R 2 is essential 
if Qi, R 2 are essential fLemma I8.3|) . Also, <Pi l (S') and (p' 2 (S') are essential, by Lemma HOI 
The other properties of the Lemma are straightforward. 

If Ri, Qi, R 2 , Q2 are finitely generated right ideals then S' = Q\ fl R 2 is finitely generated, 
by Lemma EP1 Moreover, R[ = (pi \S') and Q' 2 = ^2{S') are finitely generated since <px and 
(f 2 are isomorphisms. □ 

The following definition of the Thompson groups is very close to the definition of Scott 
[3o] (and indirectly, to the definition in jEj). The tree representation of codes connects this 
definition and the definition by action on finite trees used in Although the Thompson 
groups are traditionally defined with the alphabet {0, 1}, we prefer to use {a, b} (the symbols 
"0" and "1" have too many meanings already). 

Definition 2.6 The Thompson group V is the partial action group on {a, b}* consisting of 
all maximal isomorphisms between finitely generated essential right ideals of {a, b}* . 

The Thompson group Q 2 ,i is the partial action group on {a, b}* consisting of all maximal 
isomorphisms between essential right ideals of {a,b}*. 

Multiplication: Forip,ip e Q 21 (or G V), the product tp ■ ip is rr\ax((foip) (i.e., the maximum 
extension of the composition of ip and if, where ip is applied first) . 

We will usually write just (pip for (p ■ ip. One can check easily that <£>~ V = ftp _1 = 1 (the 
identity map on {a, &}*). Maximum extension is needed for this to be true; without taking 
the maximum extension, the composite ip~ l o p is the restriction of 1 to the domain of <p, 
and p o p~ l is the restriction of 1 to the image of (p. It is also easy to check that for any (not 
necessarily maximal) isomorphisms of essential right ideals, max^oyj) = max(max^ o max<£>). 
Associativity follows from this. Hence, Q 2 ,i and V are groups. 

In connection with the definition of the Thompson groups it is natural to introduce the 
following terminology: Two isomorphisms <p and ip between essential right ideals of A* are 
congruent iff (p and i[) have the same maximum extension (maxy? = max^). 

As mentioned before, Thompson showed the following: 

• 02,1 and V are simple; 

• V is finitely presented; 

• V contains all finite groups as subgroups. 

The first two facts are not obvious at all (see jlQj, 0]); the third fact is straightforward 
(but also remarkable). 
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It is not obvious to construct examples of finitely generated groups which, like V, contain 
all finite groups. 

Example Another finitely generated group containing all finite groups: 

Let &z be the set of all permutations of Z (the integers), and let 6fi n z be the set of all 
finitary permutations of Z (i.e., permutations that fix all but a finite number of integers). Let 
u:z6Zhz-|-1 be the right-shift function. Then the group G = (£>fi n z U {&}) (i-e., the 
subgroup of &z generated by &a n z and a) contains all finite groups. Moreover, G is generated 
by a and the transposition 770,1), so G is finitely generated. This group has been known for a 
long time; it is less well known, but easy to prove that (&a n z U {&}) is a subgroup ofV. 

To show that G = (&a n z U {a}) is a subgroup of V we use a one-to-one correspondence 
between Z and the maximal prefix code a*ab U b* ba C {a, b}*, defined by 

f a- z ab if z < 
Z ^ \ b z a if z > 

It follows that T(o i) is represented by the following element of C/2.i'- a6 i— > 6a, 6a i— > a6, and 
T(o,i) is the identity elsewhere on a*a6 U 6*6a. The shift a is represented by a~ z ab \— > a~^ z+1 - ) a6 
(for all z < 0), a6 i— > 6a, and 66 z a i— ► bb z+1 a (for all 2 > 0). Here we just indicate how the maps 
are defined on the maximal prefix code; the definition on the corresponding essential right ideal 
follows automatically. 

Maximum extension of these two maps reveals that they actually belong to V. The map 
representing 7"(o,i) is easy to extend to aa > aa, 66 i— > 66, a6 t— > ba, ba i— > ab. (Again, we just 
indicate the map on a maximal prefix code.) The shift can be extended to aa > a, ab i— > 
6a, 6 i — ^ 66 (as defined on maximal prefix codes); we are using Lemma \2. 31 

Notice that the representation of the right-shift a above is (the inverse of) the generator of 
V, called Ll A" in [3] (see also the remarks below on other Thompson groups). This provides a 
nice interpretation of the generator 11 A n . 

Remark on partial actions: It would not be correct to say that C/2,1 and V act on {a, 6}* by 
partial maps, since in addition to the composition of the partial maps we also take the maximum 
extension. What we have here is a partial action (see ^H]), as opposed to an (ordinary) action 
by partial maps. Here, with each element g of the group one associates a partial transformation 
r(g) on some chosen set such that: For the identity of G we have t(1q) =1; for all g G G, 
r (g~ l ) = T(g)" 1 ', and fo r all gi, g 2 E G, r(gi) o r(g 2 ) C r(</i0 a ). 

On the other hand, Thompson jH] used an ordinary action, by total permutations, but 
on infinite words. But from a computational point of view, partially defined operations are 
common and easy to deal with, whereas infinite objects pose problems (e.g., it is not clear how 
one should define complexity of computations on infinite words); for that reason we will not use 
Thompson's original definition. Higman defined V by total functions on larger algebras, 
that contain {a, 6}*. But Higman's actions are uniquely determined by the partial action on 
{a, 6}* (and are in fact the same as the partial actions in [SH], which themselves are the same 
as ours, up to terminology). 

Remark on other Thompson groups: Richard Thompson defined subgroups of V that 
are of great interest. One of them, denoted P in jjl], ^3' in j^U], and F in [3], is defined as 
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follows: F is the subgroup of V consisting of all maximal right-ideal isomorphisms of {a, b}* 
that preserve the dictionary order. 

The dictionary order on {a, b}* (with a < b) is a very classical concept and is defined as 
follows: For x, y G {a, b}* we have x <dkt V iff x is a prefix of y or there exists p G {a, b}* 
such that a; G pa{a,b}* and y G p6{a, b}* (so p is the maximal common prefix of x and y). 
One can easily verify that this is a total order, compatible with concatenation on the right for 
non-prefix comparable words (i.e., x <dict V and x, y prefix incomparable implies xw <dkt yw). 
In the tree picture of {a, b}*, if x, y are prefix incomparable then we have: x <dict y iff a; is in a 
tree branch that is more to the left than the tree branch containing y. We will say that a map 
if : {a, b}* — > {a, 6}* preserves the dictionary order iff the following holds for all x±,x 2 G {a, b}*: 
if £1 <dict ^2 and if x, y are prefix incomparable then ip(xi) <dict f(x 2 ). One can prove easily 
that if an isomorphism between two essential right ideals preserves the dictionary order then its 
maximum extension also preserves the dictionary order. Thompson proved that F is a finitely 
presented group, whose commutator is simple and of finite index. 

3 Word length in the Thompson group V 

Let A be a finite set of generators of V. 

Definition 3.1 For every element g G V , the word length of g (over the generating set A) is 
the length of a shortest word G (A ±:L )* that represents g. 
The word length of g is denoted by \g\A- 

It is easy to prove that if f2 is another finite set of generators of V then \g\n < C± 2 • \g\& and 
|<?|a < C21 • \g\n, where C\ 2 , C 2 \ > depend on A and fl, but not on g. 

Since the elements of V are functions, there is another size measure for elements of V. In 
the following we will denote the (finite of infinite) cardinality of a set X by \X\. 

Definition 3.2 For a right-ideal isomorphism if : PiA* — > P 2 A* , where P\ and P 2 are finite 
maximal prefix codes, the restriction Pi — > P 2 of ip is called the table off. (Recall that this 
restriction is a bisection.) 

We define \ f\ to be |Pi| (= I-P2I); we call this the table size of f. 

For an element g G V , the table size \\g\\ of g is defined to be the table size of the maximally 
extended right-ideal isomorphism that represents g. 

The following lemmas will be useful when we study the table size of right-ideal isomorphisms. 

Lemma 3.3 Let P,Q,R<^ A* be such that PA* fl QA* = RA* , and R is a prefix code. Then 
RCPUQ. 

As a consequence, the intersection of two finitely generated right ideals is finitely generated. 

Proof. The Lemma has a simple and intuitive interpretation in terms of prefix trees. We'll 
give a formal proof, which is almost as simple. 

For any r G R there exist p G P,q G Q and v,w G A* such that r = pv = qw. Hence p 
and q are prefix-comparable. Let us assume p > pre f q = px, for some x G A* (the other case is 
handled the same way). Hence q = px G PA* fl QA* = RA*, and q is a prefix of r = qw. Since 
R is a prefix code, r = q, hence r G Q. □ 
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Lemma 3.4 Let P, Q C A* be maximal prefix codes such that PA* C QA* . Then \Q\ < \P\. 

Proof. For every p G P there is g G Q such that p < pre f Q- In fact, this correspondence 
p i— > g is a function; indeed, if there are gi,g2 £ <5 sucn that P <prcf 9i and p < pre f Q2 then 
p = qiX\ = q 2 x 2 (for some x\,x 2 G A*), hence gi and g2 are prefix-comparable. This implies 
gi = g2 since Q is a prefix code. 

Moreover, this map is surjective. Indeed, let q E Q. If g G PA* then there exists a prefix of 
g in P, hence an inverse. If g (jL PA* then the inverse exists by Lemma f8. II (4). 

Since there is a surjective function P — > Q, the result follows. □ 

Proposition 3.5 For any right-ideal isomorphisms tp 2 and ipi between essential right ideals 
of A*: 

||max</?i|| < H^ill 

and 

||y?2-y7i|| < ||^2 <^i|| < 11^2 1| + II fi II 

Proof. The fact that || max </?i || < ||<£>i|| follows directly from Lemma 13.41 

Let ipi : Pi A* — >■ P[A* and <p 2 '■ P2A* — > P 2 A* , where Pi, P{, P 2 , P 2 are maximal prefix codes, 
and ||yi || = I Pi I = I Pi' |, 1 1 y?2 1 1 = IP2I = |P 2 |- Then the domain of the functional composite 
(f2 fi is a right ideal RA* where R is a maximal prefix code; hence, \\ip 2 o ipi\\ = \R\. 
Moreover, RA* = ^ l (P[A* n P 2 A*). By Lemma IO P[A* n P 2 A* = S71* for some maximal 
prefix code S such that \S\ < \P{\ + |P 2 | = \\ipi\\ + ||v 9 2||- Since RA* is the domain of <p 2 ¥>i, 
9C1 is defined everywhere on RA*; and since 571* C P[A* (which is the domain of y^ 1 ), y?^ 1 
is defined everywhere on SA*. Thus, tpi 1 is a bijection from SA* onto RA*, hence by Lemma 
E^\S\ = \R\ (=\\ip 2 oip 1 \\). It follows that \R\ < |P X | + |P 2 |. □ 

Lemma 3.6 Let P C A* fre a finite maximal prefix code. Then any word in P has length at 
most l^jZx ■ particular, when the alphabet has 2 letters, the length is at most \P\ — 1. 

Proof. Consider the prefix tree of P, which has |P| leaves. Let the number of non-leaves be 
N. Then N = |^|~| , as can easily be shown by induction on N. The length of a word in P is 
equal to the length of the path from the root to the leaf labeled by this word; such a path has 
length at most N. □ 

As a consequence of Lemmas 13.51 and 13.61 we have: 

Corollary 3.7 Let A be a fixed finite generating set of V . If tp G V — {1} is described by a 
word of length n over A ±:L ; then the table size satisfies \\tp\\ < C&n (where = max{||5|| : 

Similarly, the length of the longest word in the table of ip is < C^n. 

We will prove that the two size measures (namely word length and table size) on elements of V 
are closely related. This similar to what happens in the symmetric groups concerning the 
relation between k and the word length of permutations (over a bounded number of generators, 
with bound independent of k). 
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Theorem 3.8 The table size and word size of an element g G V are related as follows: 

(1) There are c A ,c' A > (depending on the choice of A) such that for all g G V — {1}.' 

c' A \\g\\ < Ma < c A ||#|| • log 2 ||#||. 

(2) For almost all g G V, 

\q\a > \\g\\ • log 2|A| \\g\\. 

"Almost all" means here that in the set {g G V : \\g\\ = n}, the subset that does not satisfy the 
above inequality has a proportion that tends to exponentially fast as n —>■ oo. 

Inequality (2) shows that up to big-O, the function x ■ log a; is the best possible upper bound 
in terms of \\g\\. 

However, although inequality (2) holds for "almost all" g G V, it also fails to hold for 
infinitely many g G V; for example, we will see in Proposition 13.101 below that for all g G F, 
Ma < c\\g\\. 

Proof of (2). The proof is a counting argument. The number of maximal prefix codes of 
cardinality n over the alphabet {a, b} is the Catalan number C n _i (see the beginning of our 
Appendix Al). 

If we count only elements of V with domain code {a l b : i = 0, 1, . . . , n — 2} U {a™ -1 }, 
and an arbitrary fixed range code of cardinality n, the number of elements of V obtained is 
> n(n — 2){n — 2)!. Note that the number is not n! because we want to make sure to count only 
maximal right-ideal isomorphisms; therefore, if we choose to map a n ~ l to some word ua, we 
cannot map a n ~ 2 b to ub, respectively ua; thus only n — 2 choices exist for the image of a n ~ 2 b. 
Asymptotically, however, n(n — 2)(n — 2)! and n\ are equivalent. Hence, the number of elements 
g G V with \\g\\ = n is at least C n _i n! = ( n ~i)!(n-i)! n " ^ Stirling's formula, this is equal 
to 2- 1 / 2 (4/e) n ~ 1 (> - I)™" 1 • (1 + e(n)) (where lim n ^ooe(n) = 0). 

For any £, the number of words over A of length < £ is < S +1 , where 5 = 2 |A|. Hence, 
in V we have: The ratio of the number of elements that have word length I < n ■ log s n, over 
the number of elements that have table size n, is less than 

n n ■ 2 1 l 2 (e/A) n - l (n - l) 1 ^ ■ (1 + e^n)) = 2 1 / 2 (e/ 'A) n ~ l n {^zi) n ~ l ■ (1 + £i(n)) 

= 2 1 / 2 (e/4) n - 1 ne-(l + e 2 (n)). 

This ratio tends to exponentially fast as n — > oo (since e < 4). □ 

Proof of (1). We proved the first inequality of (1) already in Corollary 13.71 The proof of the 
second inequality consists of three steps. In summary: 

(1.1) We give a canonical factorization of any element of V, as a right-ideal automorphism and 
two elements of F . 

(1.2) We show that all elements of F have linearly bounded word length. 

(1.3) We prove that the word length of right-ideal automorphisms is < c ||<7|| • log ||g||. 

(1.1) Canonical factorization. At the end of Section 1 we already mentioned the subgroup 
F, which consists of the elements of V that preserve the dictionary order of {a, b}*. 
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A right-ideal automorphism of a finitely generated essential right ideal P{a, b}* (where 
P is a maximal prefix code) has a table whose domain code and range code are the same 
(namely P); the table gives a permutation of P. 

Contrary to a first impression, the set of right-ideal automorphisms (of all essential right 
ideals) is not a group, and it is not closed under restriction nor under extension. 

Proposition 3.9 For every n > 1 let us fix one maximal prefix code S n of cardinality n. Then 
for every g G V — {1} there exist unique elements a g ,j3 g ,7i g G V such that 

9 = fig^gCtg, 

ctg and f3 g belong to F , 

Ti g is an automorphism whose table is a permutation of S\\ g \\ . 
Moreover, \\a g \\, \\(3 g \\, \\ir g \\ < \\g\\. 

Proof. Let ||g|| = n. Consider a maximal right-ideal isomorphism that represents g, and let 
ip : Pi — > P 2 be its table, where Pi, P 2 are maximal prefix codes, |Pi| = IP2I — n - 

We define a g by mapping P x in an order-preserving way bijectively onto S n ; in other words, 
the table of a g is obtained by taking the elements of Pi in increasing dictionary order as the 
domain, and by taking the elements of S n in increasing dictionary order as the corresponding 
range. Similarly, f3 g is defined by mapping S n in an order-preserving way bijectively onto P 2 . 
Uniqueness of a g and (3 g follows from the fact that once the domain and image codes of elements 
of F are specified, the elements are uniquely determined. Finally, we simply let n g = /3~ 1 ^?otJ 1 ; 
hence, 7r 9 is also uniquely determined. □ 

The idea of a factorization of the above type appears in proofs of Thompson's [H], where 
he uses the family of maximal prefix codes S n = {a l b : < i < n — 2} U {a™ -1 }. This 
family has the following nice property (which Thompson does not mention or use, however): 
If one only considers automorphisms whose domain (and range) code is of the form S n = 
{a l b : < i < n — 2}U {a n_1 } (for n G N), then this particular set of automorphisms (as n 
ranges over all integers > 1) is a subgroup of V , and this set of automorphisms is closed under 
extension and restriction. The only other family of maximal prefix codes with this property 
is {b % a : < i < n — 2}U {6 n_1 }. The reason is that for those two families of prefix codes 
there is only one place in a domain (and range) code, where extension of some automorphisms 
is possible (namely just above the deepest point in the prefix tree, where {a n_1 ,a n_2 6} will 
be replaced by {a n ~ 2 }); restriction (subject to the constraint that the code of the restriction 
should belong to this particular family of prefix codes) is also only possible at one place (again, 
at the deepest point in the prefix tree). 

The above two families of prefix codes have a disadvantage for us: The depth of the prefix 
tree of such an S n is n — 1; as a consequence we would get \\g\\ 2 in our theorem, instead of 
Hp || • log || g || . So, we will use the following family of codes, that have logarithmic depth. 

As the domain code and range code of the table of 7i g we pick a set S n C {a, fo}*"'" 1 U {a, b} k , 
where \S n \ = n = \\g\\, and k = |~log 2 n\ (equivalently, 2 fe_1 < n < 2 k ). When n = 2 k , 
S n = {a, b} k . When n < 2 k , we choose S n as in the figure below, representing the prefix tree of 
the maximal prefix code S n . The horizontal lines indicate the leaves of the prefix tree (i.e., the 
elements of S n ); the higher one of the two lines pictures the vertices at depth k — 1 (i.e., the 
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elements of S n in {a, b} k l , of which there are 2 k — n), the lower horizontal line pictures the 
vertices at depth k (i.e., the elements of S n in {a, b} k , of which there are 2n — 2 k ). 




Fig. 2: The maximal prefix code S n 

(1.2) Word length in F. The subgroup F is generated by the following two elements of F 
(Thompson [H]): 

a 2 ab b 
a ba b 2 

a ba 2 bab b 2 
a ba b 2 a b 3 

In our a is called A -1 (we changed the notation because we use A to denote the alphabet); 
in Section 2 we saw that a can be interpreted as the shift operator on Z. In |E|, our 9 is called 

B-\ 

Proposition 3.10 For every g G F we have \g\{ a ,e} < 4 \\g\\. 
In words: F has linearly bounded word length. 

Proof. Let g G F be represented by a table : R — » S, let n + 1 = ||g|| = ||<^||, and let 
Xi = o~ l ~ l 6~ l o-~ l+l for all i > 1, and Xo = cr _1 . Cannon, Floyd and Parry jlj (Theorem 2.5, 
page 223) prove that 

„ ybo ybi yb n y-a n V~ a ~t V~ a o 

g — y\ Q y\ 1 ...j\ n J\ n ...Aj y\. 

where bp (0 < £ < n) is the length of the longest path in the prefix tree of S, subject to the 
following conditions: 

• the path consists only of left-edges, 

• the start vertex of the path is leaf number i (the leaves are numbered from through n), 

• the end vertex of the path does not have a label in b* (c {a, b}*). 

Similarly, one defines ae (0 < i < n) for the prefix tree of R. (One observes that for the right- 
most leaf a n = b n = 0, so the above expression could be simplified; but that doesn't matter.) 
By replacing each Xi we obtain 
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g = a- bo 9- bl a9- b2 ae- b3 . . . aO'^a 6~ K+Cln oQ a ^o ... 8 a3 a6 a2 a6 ai a ao 
hence, \g\{ a ,e} < Yh=o b i + n + Yh=o a* + n. 

By the definition of bi, Xir=o ^* * s ^ ess than the number of left-edges in the prefix tree of S. 
In a prefix tree over the alphabet {a, b} there is an equal number of left-edges and right-edges 
(since every vertex has or 2 children). Moreover, the total number e of edges in a prefix tree 
with n + 1 leaves satisfies e = 2n (since such a tree has n interior vertices, and each interior 
vertex corresponds to two edges, and vice versa). Therefore, X^=o^ < n ( an d similarly, 
Y^i=o a i < n )- The result follows. □ 

(1.3) Word length of right-ideal automorphisms. Let us prove the claimed bound 
on the word length of all right-ideal automorphisms. Let tt : S — > S be the table of any 
automorphism, where S is any finite maximal prefix code, and where 7r is a permutation of 
S (so here S is not necessarily of the form S n ). It is well known that every permutation of 
a finite set {1,2, ... ,n} can be expressed as the composition of < 3n transpositions of the 
form (l|z) with i G {1,2, .. . ,n}. Indeed, we can first take disjoint cycles; and for a cycle we 
have (xi|x2|a?3| ■ ■ ■ |:r r -i|x r ) = (xi\x r )(xi\x r -i) . . . (xi\xs)(xi\x2); finally, for a transposition, 
= Recall that all our functions and permutations are applied on the left of 

the argument. 

We will write the automorphism tt as the product of < 3 ||7r|| transpositions of the form 
(a k \w) with a k ,w G S; in particular, w G" a* (c {a, b}*), and k > 1. 

The transposition (a k \w) is defined as follows. Let j (0 < j < k) be such that a?b is a prefix 
of w; such a j exists (and is unique) since w G" a* and since w is not prefix-comparable with a k . 
So w can be written asw = a^bv , for some v G {a, b}*. Then (a k \w) is defined by the table 

a^bpi 
a^bpi 

p>v 

Here the range oi i is Q < i <k — 1 and i ^ j. The word p ranges over all strict prefixes of v ; 
the notation x > y is short for x > pre f y and means that x is a strict prefix of y (as defined in 
the Introduction); t G {a, 6} is such that pi is not a prefix of v. For every strict prefix p there 
will be exactly one letter i such that pi is not a prefix of v. 

In our canonical factorization g = /3gTT g ag, the automorphism 7r 9 has a table which is a 
permutation of the maximal prefix code S n , where n = \\g\\. We saw that all words in S n have 
length < |Tog 2 n\. Also, ||7r 3 || = \S n \ = n. So, when we factor 7i g as < 3n transpositions of the 
form (a k \w), the parameters k and w satisfy k, \w\ < [log n\. 

Therefore the next Lemma will complete the proof of Theorem 13.81 

Lemma 3.11 Every transposition (a k \w) has word length < c ■ (k + \w\) < 2c [log n\ over 
some finite set of generators of V (for some constant c > 0). 

Proof. We will use the following generators of V: a and 9 (the generators of F used 
before), and 



(a k \w) 



a 
w 



w 



a % b 
a l b 

0<i<k 
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7i = 



aba 
ba 



ab 2 
ah 



b 
b 2 



72 



aba 
ab 



ab 2 
ba 



b 
b 2 



a 3 ab a 2 b 
a 2 ab ba 



(a 2 \ab) 



a 2 ab b 
ab a 2 b 



(a 2 \aba) 



aba 



aba ab 2 
a 2 ab 2 



{ab\b) 



ab b 
b ab 



(a\b) 



a b 
b a 



CASE 1: The transposition (a k \w) is such that w G b{a, b}* (i.e., w starts with b). 

Recall that k, \w\ G [1, |~log 2 n]]. We will eliminate Case 1 by showing: // (a k \w) is con- 
jugated by at most k + \w\ generators, a transposition of the form (a K \az) is obtained, where 
K + \az\ < k + \ w\ + 1. Indeed, we have: 

a' 1 ■ (a k \b h av) ■ a = (a k+l \b h - l av) for all h > 2, v G {a,b}*, k > 1; 
a' 1 ■ (a k \bav) ■ a = (a k+1 \abv) for all v G {a, b}*, k > 1; 
a' 1 ■ (a k \b h ) ■ a = (a k+l \b h - 1 ) for all h > 2, k > 1; 
(ab\b) ■ (a k \b) ■ (ab\b) = (a k \ab) for all k>2. 
(When k — 1, (a\b) is a generator.) 

For the detailed verification of (1.1), (1-2), (1.3), and (1.4), see Appendix A2. 

If the transposition (a k \w) is in situation (1.1), i.e., w = b h av with h > 2, then after h — 1 
conjugations we are in situation (1.2). In situation (1.2), one conjugation gets us out of Case 
1. If the transposition (a k \w) is in situation (1.3), i.e., w = b h with h > 2, then after h — 1 
conjugations we are in situation (1.4). In situation (1.4), one conjugation gets us out of Case 
1. Thus we have eliminated Case I. 

CASE 2: The transposition (a k \w] 



(1.1) 
(1.2) 
(1.3) 
(1.4) 



is such that w G a{a, b}* (i.e., w starts with a). 
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Since a k and w belong to the same maximal prefix code they are not prefix-comparable; 
therefore, w is of the form w = a^b h v where k > j > 1 (hence k > 2), h > 1, v G {a, b}*—b{a, b}* 
(v does not start with b). 

We have: 



2.1) 


If 


(k >)j>2,h> 1, 


then a • (a fc a-^i;) • cr _1 = 




2.2) 


If 


j=l,k>3,h>l, 


then 5 ■ (a k \ab h v) ■ d^ 1 = ( 


a fe-1 |afe' l u). 


2.3) 


If 


j = 1, k = 2, h > 2, 


then 7x • (a 2 \ab h v) ■ 7-f = 


(a^aft' 1 - 1 ^). 


2.4) 


If 


j=l,k = 2,h = l, 


\v\ > 2 (so v = au for some u 


G {a, 6} {a, 6}*), then 






72 • (a 2 \abau) ■ 73 ■ 


= (a 2 \abu). 




2.5) 


If 


j = 1, k = 2, h = 1, 


\v\ < 1, then (a 2 \aba) and 


(a 2 |a&) are generators. 



The detailed verification of (2.1) - (2.4) appears in Appendix A2. 

If the transposition (a h \w) is in situation (2.1), then after j — 1 steps we reach situation 

(2.2) ; in each step, both k and \w\ decrease. If the transposition (a k \w) is in situation (2.2), 
then after k — 2 steps (during which k keeps decreasing while w remains unchanged) we reach 
situation (2.3). If the transposition (a 2 \w) is in situations (2.3) or (2.4), we remain in situations 

(2.3) or (2.4) as long as w is of the form ab h v (with h > 2) or abau; at each step, w becomes 
shorter. Eventually we reach case (2.5). 

This completes the proof of Lemma 13.111 and hence of Theorem 13.81 □ 

4 The word problem of V 

It is fairly obvious from the representation of V by partial functions that the word problem is 
decidable. In this section we show that the word problem of V has low complexity. 

Since V is finitely generated, we can consider the word problem of this group; let A be a 
finite set of generators of V. As an input for the word problem we consider a string over the 
alphabet A ; we ask whether the product of the elements in that string is equal to 1 (the 
identity) . 

We can conclude immediately from Corollary 13 . 71 that the word problem ofV is in P (deter- 
ministic polynomial time). Indeed, a product of n generators has table size < C&n. Moreover, 
every entry in the table is a word of length < C&n, so the total memory space occupied by the 
table is 0(n 2 ). To solve the word problem we just compose the partial functions, and we check 
whether the product is a "subidentity" (i.e., x is mapped to x for every x in the finite maximal 
prefix code of the product). Let us mention also the interesting fact that V has polynomially 
bounded isoperimetric function (Guba [TT]). 

One can prove much more detailed and stronger complexity results. For this we will use 
the parallel complexity classes AC and AC 1 , which are subclasses of P. In short, AC k (for 
k G N) consists of those problems whose output can be computed by acyclic boolean circuits 
(where the gates have unbounded finite fan- in), of depth 0((logn) fc ), and of size polynomial in 
n (where n is the input length). See [32], |S] and [331 for details. 

It is well known that the prefix relation between two words can be checked by an AC 
circuit; moreover, given s and t = sz G A*, an AC circuit can output z. 
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Let us define the problems precisely. 

(1) Composition problem 

Input: Two isomorphisms between essential right ideals (p : PiA* —>■ QiA*, and ip : P2A* — > 
Q2A*, where Pi, Qi, P2, Q2 are maximal prefix codes; <p is described by its finite table {(p, <p(p)) : 
p G Pi} C Pi x Qi, and similarly for ip. 
Output: The composite ip V 9 ; described by a finite table. 

(2) Word problem of V 

Input: A sequence (ipi, . . . , ip n ) (where neMis also variable) of isomorphisms between essen- 
tial right ideals ipi : Pi A* — > QiA*, where P,, Qi are maximal prefix codes (i = 1, . . . , n); each 
ipi is described by its finite table {(p, ipiip)) : p G P} C p x Qj. 

Output: "Yes" if ^ • . . . • tp n = 1 (i.e., the product in V is the identity map on A*); "no" 
otherwise. 

Note that this definition of the word problem is consistent with the usual definition. Since 
V is finitely generated the usual definition of the word problem can be applied to any finite set 
of generators. By Corollary 13. 71 the length of the description of (^1, • • • , i/j n ) by finite tables is 
linearly bounded by the length of (ipi, . . . , ipn) as words over a fixed finite set of generators of 
V. Moreover, the description of the input of the word problem by tables is not significantly 
more compact than a description by a word over generators, by Theorem 13.81 

Theorem 4.1 (1) The composition problem (for two isomorphisms between essential right 
ideals) is in AC . 

(2) The word problem ofV is in AC 1 . 

Proof. (1) Let <p = {(xi,yi) : i = l,...,n} and ij) = {(uj,Vj) : j = i,...,m}. For 
an AC algorithm, we consider all nm indiviual composites (xi,yi) o (uj,Vj) in parallel. Each 
composite (xj,^) o (uj,Vj) can be computed by a constant-depth circuit Cjj by checking the 
prefix-relation between Xi and u,-; if and v j are not prefix-comparable, the circuit Cij outputs 
0; if Xi = VjZ < pre f Vj (for some z G A*), the circuit C it j outputs (ujZ,yi); if x« > pre f Vj = XiZ 
(for some z G A*), the circuit Cij outputs (uj,yiz). The size of C it j is 0(max{|xj|, hence 
0{n) by Lemma ESI 

Finally, the overall circuit consists of all the Cij (l<i<n, 1<j< m), and an additional 
layer which masks outputs that are 0, and just outputs the set of non-zero outputs of the 
circuits Cy. The overall size of the circuit is 

0(n ■ m ■ max{|xj|, \yi\, \vj\, \uj\ : 1 < i < n, 1 < j < m}), 

which corresponds to big-0 of the cube of the input length. 

(2) We are given a sequence (ipi, . . . , ipn) of isomorphisms between essential right ideals; let iV 
be the total length of this input (when each ipi is described by a finite table). We compose the 
ipi two-by-two in parallel (ipi with ip 2 , ip3 with ^4, etc.); then we compose the resulting \n/2] 
functions two-by-two, then the resulting |~n/4], etc.; we obtain a "composition tree" of depth 
[log 2 n\ , with n — 1 nodes. By Proposition 13.51 and Lemma 13.61 the intermediate and the final 
composites have finite tables of space 0(N 2 ) each. By (1) above, each node of the composition 
tree can be implemented by a constant-depth circuit of size 0((N 2 ) 3 ). So the total size of the 
circuit is 0(nN 6 ), and the depth is O(logra). 
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Finally, once we have a finite table for the composite ipi • . . . ■ if) n we can check easily (in 
constant depth) whether this function is a partial identity. □ 

Since the word problem of V is in AC 1 it follows (see |42j) that it is also in DSpace((logn) 2 ). 

We saw already that the word problem of V is in P. The next proposition gives more precise 
bounds on the time complexity; the bounds for deterministic and nondeterministic time are still 
rather crude. Here, "coNTime", "NTime", and "DTime" refer to the usual time complexity 
classes (co-nondeterministic, nondeterministic, and deterministic time complexity, respectively; 
see g2|). 

Proposition 4.2 The word problem ofV is in coNTime(n) ; in NTime(n 2 ) ; and in DTime(n 3 ). 

Proof. Let A be a finite generating set of V, let w G (A 1 *" 1 )*, let n — \w\, and let (p w be the 
right-ideal isomorphism obtained by composing the generators as they appear in w, without 
taking maximum extensions. Obviously, w = 1 in V iff ip w is a partial identity. Recall (Corollary 
13. 7|) that \\f w \\ < C&n, and that the length of the longest word in the table of <p w is < C&n. 
Hence the sum of the lengths of the words in the table of tp w is < C\n 2 . 

(1) The word problem of V is in coNTime(n) iff the negation of the word problem is in 
NTime(n). To prove the latter we consider a nondeterministic two-tape Turing machine, one 
tape containing the input w; on the other tape the machine guesses a word z G {a, b}* such 
that z belongs to the domain code of (p w (so \z\ < Ca n), and (f w (z) ^ z. Such a word z exists 
iff w 1 in V. Moreover, \z\ < C/^n, hence it takes only linear time to write z on the second 
tape. 

On tape 1 the machine also makes a copy of z. 

Next, the machine reads w from right to left, and applies the generators to the word (g 
{a, b}*) on tape 2 (initially that word is z). Each application of a generator changes a prefix 
of bounded length of the word on tape 2. (This bound is the length of the longest word in the 
table of any generator G A.) Hence, applying one generator takes only a bounded amount of 
time, and the total time to apply all the generators in w is linear in \w\; hence the time is < an 
for some constant c. The final content of tape 2 will be (p w (z). 

Finally, the machine compares the original copy of z (saved on tape 1) with (p w (z)\ this 
takes linear time. It accepts if these two words are different. 

(2) To prove that the word problem of V is in NTime (n 2 ) we consider a nondeterministic 
Turing machine which guesses the table of a partial identity map, and then verifies that the 
guess is indeed the table of ip w . The machine accepts w if the verification succeeds. Such an 
accepting computation exists iff w — 1 in V. 

More precisely, the Turing machine guesses words Xi G {a, &}*, each of length \xi\ < \\(p w \\ (< 
C/s.n), in such a way that {xi : 1 < i < \\<p w \\} is a maximal prefix code. This is done by means 
on a nondeterministic depth-first search in the tree of {a, b}*. This search starts at the root 
of the tree and proceeds like an ordinary depth-first search, except that we guess where the 
leaves of the prefix tree of the code {x^ '■ 1 < i < \\(f w \\} are; each time we reach such a leaf 
we write down the corresponding word X{. Since the set of the guessed x« consists of the leaves 
of a subtree of {a, 6}*, it is a prefix code; since the depth-first search will not end until it has 
visited all the leaves of a tree, this prefix code is maximal. The running time of the search is 
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proportional to the number of leaves, which is \\<fi w \\ (in an accepting computation). The time 
to write down all the Xi is < ||^«,|| 2 (since < \\ip w \\ in case of acceptance). Thus, we can 
guess the table of a partial identity of table size \\<p w \\ in time 0{n 2 ). 

Next, the Turing machine verifies, deterministically, that (p w (xi) = Xi for each i. This is 
done in the same way as in (1), and takes linear time for each x^. Hence the total time of a 
successful verification is 0(n 2 ). 

(3) Let us first look at the deterministic time complexity of composition (without maximum 
extension) of two elements ip, if) G V, described by their tables. Let tp = {(sj, t*) : % — 1, . . . , £}, 
hence by Lemma ETo1 |sj| < \\ip\\ = £. Let if) = {(uj,Vj) : j = 1, . . . , m}, hence \vj\, \uj\ < 
\\ip\\ = m. Suppose the two tables are written on two different tapes of a deterministic Turing 
machine. The machine can then write the set {(uj,Vj) o (si,ti) : 1 < i < £, 1 < j ' < m} 
on a third tape and reduce each term (uj,Vj) o (si,ti) to either (in which case it is removed 
from the set), or to a new term of the from (xk, yu)- This takes time < C\ ||<y3|| 2 HV'II 2 for some 
constant C\. 

Finally, we can compute the table of <p w — d n . . . . . . c^rfi (with dk G A 1 * 11 ) by composing 

from right to left. Recall that C*a be the maximum table size of any generator in A. Inductively, 
assume the table of dk---d 2 di is if>, with \\ip\\ < C&k. Then the table for dk+ii> can be 
computed in time < c\ ||<ifc + i|| 2 HV'II 2 < c\ C\ C\ k 2 . So the total time to compute the table of 
w is < ci Ci J2ti k2 = °( n3 )- D 

5 Generalized word problems of V 

Generalized word problems of a group G ask about membership of elements of G in specified 
subgroups; the word problem is the special case obtained by taking the trivial subgroup {1}. 
Let G be a group with finite generating set A. If S C G and w G (A^ 1 )*, we write w Gg S iff 
the element of G represented by w is in S. If Xi, . . . ,x n G (A^)* then (x%, . . . ,x n )a denotes 
the subgroup of G generated by the elements of G represented by the words {x±, . . . ,x n }. If 
S C G then (S)q denotes the subgroup of G generated by S. 

By definition, the generalized word problem of a fixed group G with a fixed finite 
generating set A, is specified as follows: 

Input: A finite set X C (A ±1 )*, and an additional "test word" y G (A^)*. 

Question: y G G (X) g (i.e., does the element of G represented by the word y belong to the 

subgroup of G generated by the elements represented by the words in X)? 

We consider two special forms of the generalized word problem. 

(1) The generalized word problem of a fixed group G, with a fixed finite generating set A and 
a fixed subgroup generating set X = {xi, . . . ,Xk} C (A^)*, is specified as follows: 

Input: A word y e (A ±r )*. 
Question: y g g (x h . . . ,x k ) G ? 

(2) The generalized word problem of a fixed group G with a fixed finite generating set A and 
a fixed "test word" y G (A^ 1 )*, is specified as follows: 

Input: A finite set X c (A ±1 )*. 
Question: y g g (X) g ? 
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We will use the next few facts to obtain undecidability results for the generalized word 
problem of V and its special versions. 

Graham Higman proved that Thompson's group V contains a subgroup isomorphic to FG2 
(the free group on two generators). A proof appears in the Appendix of |37j . 

Thompson [IT] proved that if G is a subgroup of V then V also contains a subgroup isomor- 
phic to the direct product G x G. Hence, V contains all finite direct powers of G. Thompson 
jUJ (and also Higman |14j ) mention that this can be generalized to any finite direct product 
and to countably infinite direct sums. The direct sum of a family of groups (Gi : i G /) is 
defined to be the subgroup of the direct product Yliei ^* consisting of the sequences that have 
only a finite number of non-identity components. 

As a consequence of these results of Thompson and Higman we obtain: V contains a 
subgroup isomorphic to FG2 x FG2. 

We will also need to talk about "uniform word problems" , and related problems for Turing 
machines. 

• The uniform word problem for groups is specified as follows. 

Input: A finite presentation (B,R) of a group, and a word w G (B^ 1 )* (where letters in the 
alphabet B are encoded over some fixed finite alphabet). 

Question: w =(b,r) 1 ? he., is the element of the group (B, R) represented by w the identity? 

• The uniform word problem for a fixed word Wq G (B^ 1 )* (where B is a fixed finite alphabet), 
is specified as follows. 

Input: A finite presentation (B, R), with B$ C B (where letters in the alphabet B are encoded 
over some fixed finite alphabet). 
Question: w =(b,r) 1 ? 

• The acceptance problem is specified as follows. 

Input: A Turing machine M and a word w over the tape alphabet of M (where letters and 
states of M are encoded over some fixed finite alphabet). 
Question: Does M accept w ? 

• The fixed-word acceptance problem for a fixed word wq G Bq (where -Bo is a fixed finite 
alphabet), is specified as follows. 

Input: A Turing machine M whose tape alphabet contains B (such that letters and states of 
M are encoded over some fixed finite alphabet). 
Question: Does M accept w ? 

Lemma 5.1 There are infinitely many words Wq such that the uniform word problem with 
fixed word wq is undecidable. 

Proof. By Rice's theorem, the acceptance problem for any fixed word Wq (and variable Turing 
machine M) is undecidable. By Boone's Lemma (see Lemma 12.7 in [33 J, there is a computable 
function with linear time complexity which maps (w, M) (where M is a Turing machine and w 
is a word over the tape alphabet of M) to a finite presentation Gm = (Bm,Rm) and a word 
p(w) G (B^)* such that: M accepts w iff p(w) =g m 1- 

Hence, for any fixed word p{wo), the fixed- word uniform word problem of Gm is undecidable. 

□ 
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Proposition 5.2 For V (with any fixed finite generating set A), the generalized word problem 
is undecidable. 

The first special form of the generalized word problem is undecidable for some fixed subgroups. 
The second special form of the generalized word problem is undecidable for some fixed non- 
empty test words. 

Proof. We saw that V contains FG2 x FG2. Therefore we can apply Mikhailova's theorem [23] 
(see Theorem IV.4.3 in [19|), which states that the generalized word problem, as well as its first 
special form (for some fixed finite subgroup generator sets X), are undecidable for FG2 x FG2. 

Moreover, it follows from the proof of Mikhailova's theorem (see Lemma IV. 4. 2 in [T9*] ) 
that the second special form of the generalized word problem (for some fixed test words) of 
FG2 x FG2 is also undecidable. Indeed, this proof gives a reduction of the uniform word problem 
"is w =h 1 ?" (where if is a variable finitely presented group, and w is a variable word) to the 
generalized word problem of FG 2 x FG 2 , with some subgroup generating set L H (where L H is 
finite). We saw in Lemma 15.11 that the uniform word problem for a fixed word (but variable 
finite presentations) is undecidable. 

Hence, the generalized word problem and its two special forms are undecidable for any group 
containing FG2 x FG2, and in particular for V. □ 

Other decision problems 

Graham Higman (Theorem 9.3 in ^3]) proved that the conjugacy problem and the order 
problem of V are decidable. See also [3H], [3*7j . 

Open problem: Is the generation problem of V decidable? (The generation problem 
is specified as follows: The input is a finite set T of elements of V, given by their tables; the 
question is whether F generates all of V.) 

6 Distortion 

We just saw that in some (in fact, infinitely many) cases, the first special form of the generalized 
word problem of V (for a fixed subgroup) is undecidable. This leads to the question: What can 
the complexity of this problem be when the problem is decidable? 

In relation to the first special form of the generalized word problem (for a fixed subgroup), 
the "Cayley graph distortion function" will play the role of inherent (group-theoretic) com- 
plexity. We will see that it is closely connected with nondeterministic time complexity. Let 
G be a fixed group with fixed finite generating set A, and let X C (A^ 1 )* be a fixed finite 
set, generating a subgroup H = (X) G . If y <G (A^)* is such that y G G (X) G , then y has two 
lengths, namely, one over the alphabet A ±l and one over X . How the two lengths are related 
is an important question, first addressed by Gromov [TU] . 

Definition 6.1 (1) For a group G with finite generating set A, and an element g G G, the 
A-length of g, denoted by \g\A is the minimum length of any wordy e (A^)* that represents g. 

In the Cayley graph Y{G,A) of G with generating set A, \g\& is the distance from the root 
(i.e., the identity element of G) of the element g. 
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(2) Let X be a finite subset of (A ±l )* and let H = (X)g be the subgroup of G generated 
by X. If y e G (X)g, we define the X-length, denoted by \y\x, t° be the length of a shortest 
sequence (x^,^, . . . , Xi e ) of elements of X such that y = G x^x^ . . .Xi e . 

In the Cayley graph T(G,A), the subgroup H with generating set X generates a path- 
subgraph, whose vertex set is H , and whose edges correspond to X -labeled paths between vertices 
in H. This path-subgraph is the image of a path- embedding of the Cayley graph T(H,X) into 
T(G, A). (IfX C A, then T(H,X) is a subgraph ofT(G,A).) 

The Cayley graph distortion function (we'll call it simply "distortion function") describes the 
relation between the two lengths of an element y of the subgroup (X)g of G. 

Definition 6.2 Let us fix a group G with finite generating set A, and a finite set X C (A ±l )* . 
A non- decreasing function f : N — > N is a distortion function of the subgroup H = (X)g in 
G iff for all elements g e (X)g we have: \g\x < /(|<?U)- 

Note that according to our definition, distortion functions are non-decreasing (i.e., if m < n 
then f(m) < f(n)). The minimum distortion function for a given G, A, and X (as above) is 
called "the" distortion function. 

Two functions fi and / 2 '■ N — > N are said to be equivalent (or more precisely, linearly 
equivalent) iff there exist positive constants c , C*i 2 , Ci 2 , C 2 i, c 2 \ such that for all n > c : 
/i(n) < C12 f 2(012 n) and / 2 (ri) < C21 /i( c 2i n). In big-0 notation, fi and / 2 are linearly 
equivalent iff h{n) = 0{f 2 {0{n))) and f 2 = 0{f x {0{n))). 

The concept of distortion was formally introduced by Gromov ^Oj- However, Gromov's 
definition used an additional factor n; so, Gromov's distortion is constant when ours is linear. 
We follow Ol'shanskii and Sapir [30], whose theorem connecting distortion to Dehn functions 
(stated below) makes Gromov's version of the definition look less well motivated. 

It is easy to see the following: When one changes the generating set A of G to another finite 
generating set (of the same group G), and one changes the set X that generates the subgroup 
H = (X)g to another finite set (that generates the same subgroup H), then the minimum 
distortion does not change (up to linear equivalence); see e.g., |Sj. Hence for finitely generated 
groups the distortion depends only on the groups G and H (C G) (up to linear equivalence). 

The distortion cannot be less than linear, since (up to finite change of generators) one can 
increase A so that X C A. When the distortion is linear one also says that "there is no 
distortion" , or that H is "isometrically embedded" in G. 

In and [3] it was proved that the Higman embedding theorem for semigroups, re- 

spectively groups, can be strengthened in such a way that the distortion is linear. Another 
important result about distortion functions is the following theorem of Ol'shanskii and Sapir 
|30j : The set of distortion functions of finitely generated subgroups o/FG 2 x FG 2 coincides (up 
to linear equivalence) with the set of all Dehn functions of finitely presented groups. Guba and 
Sapir ^2] proved that for any integer d>2 the Thompson group F (in the notation of jlj) has 
a subgroup with distortion >n d (up to linear equivalence). 

Theorem 6.3 The set of distortion functions of the finitely generated subgroups of the Thomp- 
son group V contains (up to linear equivalence) the set of all Dehn functions of finitely presented 
groups. 
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Proof. This is an immediate consequence of the Ol'shanskii-Sapir theorem and Theorem 16.41 
□ 

Theorem 6.4 (1) Thompson's group V contains a subgroup isomorphic to the free group 
FG2 with linear distortion. 

(2) The group V also contains a subgroup isomorphic to FG2 x FG2 with linear distortion. 

Proof of (1). We start out from Graham Higman's result (mentioned earlier), that Thomp- 
son's group V contains a subgroup isomorphic to FG 2 . In the Appendix of j3ZI it is shown that 
the following two elements of V generate a free group: 



a 


b 3 


b 2 ab 


b 2 a 3 b 2 a 2 b 


ba 


b A a 


b 3 a 


b 2 a 


a ba 


b 5 


b 


ab 


a 2 b 2 


a 2 ba 2 a 2 bab 


a 


a 3 ba 


a 3 b 2 


a 2 b 


b ab 


a 



Our main goal now is to show that the free subgroup generated by {a, (3} has linear distortion 
in V. 

Let /i be any element of (a, (3), with /i / 1. If we write \i in such a way that there are no 
cancellations then [i has one of the following expressions: 



Case aa: 


n = 


a hm j3 km - 


1 . ..(3 k *a h * . 


. .a h2 P kl a h \ 


Case (3a: 


fi = 


(3 km a hm (3 km - 


1 . . . f3 ki a hi . 


. .a h2 (3 kl a h \ 


Case a(3: 


V = 


a hm /3 km - 


1 . . . (3 ki a hi . 


..a h2 (3 k \ 


Case [3(3: 


H = 




1 . . . (3 ki a hi . 


.a h2 (3 k \ 


with h m ,k m _ x . 


hm—l] 




e z- {0}, 


k m E Z — {0} in cases Pa and (3(3, k 



cases aa and a(3, hi G Z — {0} in cases aa and a(3, hi = in cases a/3 and (3(3. 

Since {a, (3) is a free group and \i is reduced, the {a, /3}-length of /i is |/i|{ aj/ a} = \k m \ + 
\h m \ + . . . + \ki\ + \hi\. 

In order to prove that the subgroup {a, (3) of V has linear distortion, we need to show that 
the minimum length of fi over some fixed finite generating set A of V is a > c ' l/^ka,^} (f° r 
some constant c > depending only on the chosen set of generators A of V). 

We will use the following method. We will show that for any fi there is a word y G {a, b}* 
such that 

Case (*a). If fi is in cases aa or (3a, then y satisfies: 

M a ) = V a i 
fi(ba) = yb, 

\y\ > \lA{<*,P}- 

Case (*/?). If /i is in cases a(3 or (3(3, then y satisfies: 

li(b) = ya 
/j,(ab) = yb, 

\V\ > M{a,/3}- 
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The existence of y, as above, implies that the table of the maximum extension of \i contains an 
entry of length > |/i|{ a)1 g}. Indeed, ya and yb are such entries (in the range code of max/i); by 
Lemma \2.2\ ya and yb remain in the table when \i is maximally extended, since ya and yb are 
the images of a, resp. ba (or b resp. ab). 

Now, by Lemma l3.6| the table size of the maximum extension of fi satisfies ||max/i|| > 
|/^|{a )( g}. Also, by Proposition 13.51 || max /x || < 

By Corollary 13.71 (||max//|| <) < Ca |/-*|aj therefore by the above, < Ca |a*|a- 

So the proof of Theorem 16 .41 will be complete once we prove the following two claims, which 
show that the appropriate y exists. 

Claim (*a). Let fi be as above, according to cases aa or (3a. Then, 



where: 

a 1 if //, <: 
For m — 1 > i > 1 : m,- 



, ba if hi > /A _ , , j . , 

w o — i „i -f h ^ n {Note that wq ends in a.) 

ba 3 if hi+x > 0, hi > 

ba 2 b if hi+i > 0, hi < 

a 4 if hi+i < 0, ki > 

a 3 b if hi+i < 0, h < 

. , . a 3 if k m > 

In case (3a: w m = < 2 i 



a b if k m < 
For m — 1 > i > 1, or i = m in case j3a: t{ 



bob 2 if hi > 0, ki > 

a 2 o 2 if hi > 0, h < 

frafra z/ ^ < 0, fcj > 

a 2 ba if hi < 0, ki < 



In case aa: The factor (w m Vm m ^ 1 ) is absent, and t m = < ^ 2 ^ /!™ > n 

n ^ . ^ -, ( a if hi > ( a if ki > 

tor m > i > 1: iij = < , , _ v; = < , .„ , „ 

- - \ 6 z/ hi < \ 6 if h < 

VFe also have: 

/i(6o) = K^ mM ) rf'Vi • • • ti^* 1 " 1 ^ 1 " 1 • • • ™rf lh Vf lh V 
w/iere: 

W = { ^ ^ !^ > ^ (Note that W ends in b.) 
{ ab if hi < ( y 

and all other Wi, Vi, t i} and Ui are the same as for n(a). 

Proof of Claim (*a). The proof goes by induction on the number of exponents k m , h m , . . . , ki, hi. 
For the details, see Appendix A3. 

Claim (*/3). Let \x be as above, according to cases a(3 or [3(3. Then, 

fJt(b) = (w m Vm mM ) t m ut mhl W m ^i . . . Wivf^Uuf 1 ^ 1 . . . W^i^ti 
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where: 

( ba if ki > / \t i (7 it j ■ i 
t\ — s 2 ft, n (Note that t% ends in a.) 

and all other Wi, Vi, ti, and Ui are the same as for fx(a) in Claim (*a). 
We also have: 

ab) = (W m Vin ) tmU'm W m -1 • • • WiV\ Uu\ ... WxV\ T\ 

where: 

T\ = < ^ , f * > ^ (Note that T\ ends in b.) 
and a// other Wi, V(, t i; and U{ are the same as for fx(b). 

Proof of Claim (*0). The proof goes by induction on the number of exponents k m , h m , . . . ,ki 
in fx. For details, see Appendix A3. 

This completes the proof of part (1) of Theorem 16.41 

Proof of (2). For each element ip G V we consider two elements ip a ,fb G V defined as 
follows: 

Lp a (ax) = acp(x), for all x in the domain of <p ; 
ip a (b) = b. 

ip b (a) = a ; 

iPb{b%) — bip(x), for all x in the domain of tp. 

Then from the generators a, P of FG2 seen in the proof of (1), we obtain a set {a a , P a , a&, Pb} 
which generates a subgroup of V isomorphic to FG2 x FG2. The proof that the distortion of 
(a a , Pa, atb, Pb) in V is linear is very similar to the proof for the distortion of (a, 0) in V . 

Any element of (a a , j3 a , ab, Pb) can be put in the form Lp a ip b , for some (p, ip G V. Looking at 
cases (*a) and for both <p and ip (in the proof of part (1)), we obtain four cases. In each 
case we find that there are words y,z G {a, b}* such that 

Case (*a, *a) 

Lp a i)b{aa) = a Lp (a) = aya, Lp a ip b (aba) = aLp(ba) = ayb, and \y\ > \<p\{ a ,py, 
Lp a ipbiba) = bip(a) = bza, Lp a ip b (bba) = bip(ba) = bzb, and \z\ > \ip\{ a ^}. 

Case *P) 

Lp a tp b (aa) = aLp(a) = aya, Lp a ip b (aba) = aLp(ba) = ayb, and \y\ > \(p\{ a ,py, 
Lp a ipbibb) = bipip) = bza, Lp a ip b (bab) = bip(ab) = bzb, and \z\ > !{<*,/?}• 

Case *a) 

Lp a 4>b(ab) = aLp(b) = aya, Lp a ^ b {aab) = aLp(ab) = ayb, and \y\ > \<p\{a,p}\ 
ip a ipb{ba) = bip(a) = bza, Lp a ip b {bba) = bip(ba) = bzb, and \z\ > 

Case (*p,*p) 

Lp a ip b (ab) = aLp(b) = aya, Lp a ip b (aab) = aLp(ab) = ayb, and \y\ > M {«,/?>; 
Lp a ipb(bb) = aip(b) = aza, Lp a ip b (bab) = bip(ab) = bzb, and \z\ > \i/j\{ a ,p}- 

Note that by Lemma 7 (page 300) of [SH], there is an isomorphism between (a,P) and {a a ,P a ), 
mapping generators to generators. Hence \<f\{ a ,p} = \Va\{a a ,f3 a }, and \ip\{ a ,p} = \i>b\{a b ,p b }- Also, 
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the generators a&, (3b cannot occur in a shortest word over {a a , (3 a , a&, fib} representing ip a ; thus 
\<f\{a,p} = \<Pa\{a a ,p a ,a b ,i3 b y Similarly, \ip\ {a ,p } = \A\{a a A,a b ,p b y 

The existence of y and z as above implies (as in part (1)), that the table of the maximum 
extension of ip a ipb contains an entry of length > \<Pa\{a a ,/3 a ,a b ,p b }-, and an entry of length > 
iV'&kaaAjW&A}' hence, by Lemma l3~o1 the table size of the maximum extension of <p a ipb satisfies 

||maX^V0&|| > max{|(p a | {Qa>/3aiQ()A} , \^b\{a a ,p a ,a b A}} > \ {\^Pa\{a a ,Pa,a b ,P b } +\A\{a a A,a b ,P b })- 

Moreover, by Corollary E3 ||max f a ^b\\ < H^'aV'&ll < Ca Iw^bU- Therefore, 

for some constant c > 0. Obviously, \(p a \{a a ,Pa,a b ,f3 b } + \^b\{ aa ,f3 a ,a b ,/3 b } > \(p a ipb\{a a ,p a ,a b M- 
Thus, 

which completes the proof of part (2) of Theorem 16.41 □ 

The following is of independent interest. 

Proposition 6.5 If G is a finitely generated subgroup ofV with a distortion function 6 then 
V also contains a subgroup isomorphic to the direct product G x G, with distortion function 
linearly equivalent to n *—>■ 5 (n log ri). 

Proof. Recall that for each element tp G G C V we considered the two elements ip a , tpb £ V 
defined as follows: 

ip a (ax) = aip(x), for all x in the domain of (p ; 

(fa (&) = b. 

ipb(a) = a ; 

<Pb{bx) = b(p(x), for all x in the domain of ip. 

Let A be a finite generating set of V, and let T be a finite generating set of G. For ip G G 
let n = \<p\ A . Then \<p\ r < 5(n). Let A a = {9 a : 9 e A}, and A b = {9 b : 9 £ A}. Then A a UA b 
is a finite generating set of a subgroup isomorphic to V x V. Similarly, G x G is generated 
by T a U r 6 . Moreover, for any ((p a ,ipb) G G x G we have: |(<p a , V^lrvur-;, = Wa • V'felr.urt, = 
|^a|r a + \ipb\r b < 8(\<p a \Aa) + <*(WaJ < 2 ■ S(\cp a ip b \ Aa uA b )- The latter inequality uses the fact 
that distortion functions are non-decreasing, by definition. Moreover we have 



MA a UA b 



< 



\fa\A a UA b + \lpb\A a uA b 



Ma + \iP\a- 



as we observed in the proof of part (2) 



The last equality holds by Lemma 7 (page 300) of 
of Theorem I6.41 Next, by Theorem I3.8I 

Ma + Ha < C A (\\(p\\log 2 \\(p\\ + \\ip\\ log 2 

< c A (|M| + |H|) io g2 (|M| + 

Claim: For all cp, ijj G V, \\(p a ip b \\ — \\cp\ 
Proof of the Claim: Suppose the tables for <p,ip, in maximally extended form are 

Ml ... U T 
Vt ... V n 

a bu\ 



Xi 



Xm 

Vm 



if, 



Then <p a 



ax i 

ayi 



ay r , 



4>b 



a hv\ 



bu r 

bv r , 



and 
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ayi 



ax. 



rn 



bu 
bv 



1 



i 



bu 
bv 



n 



n 



It is easy to see that the latter table is in maximally extended from. Indeed, no pair axi, buj can 
lead to extension; and since the original tables of if and if) were maximally extended already, 
no extension can happen among pairs axj, axj or pairs bui, buj. This proves the Claim. 

By the Claim, and the inequalities proved just before the Claim, we obtain: 

\<Pai>b\ A a UA b < C A \\<faA\\ l°g2 ll^o^ll 

By the first inequality of Theorem 13.81 this implies \<p a if>b\ A a uA b < c lyv^&U log 2 IvM^bU 
for some constant c > 0. We already proved \(<p a ,'4 , b)\raur b < 2 • 6(\(p a if)b\ A a uA b )- Therefore 
we have 

\{(p a ,ipb)\r a ur b < 2 5(C \ip a ij; b \A log 2 IVo^fcU) 
for some constant C > 0. This proves the Proposition. □ 

We will need the following definitions: 

Definition 6.6 Two functions f\ and f 2 : N — > N are polynomially equivalent z/f there 
exist positive constants cq, G\ 2 , c\ 2 , C 2 \, c 2 \, di, d 2; d3 ; d 4 suc/i iaai /or a// n > cq.' 



h{n) < C 12 -(f 2 (c 12 n dl ) d3 ) and f 2 {n) < C 21 ■ {h{c 21 n d *) d ±). 
In big-0 notation this means /i(n) = 0(/ 2 (0(n° (1) ))° (1) ) and / 2 (n) = 0(/i(0(n°W)) 0(1) ). 



Definition 6.7 ^4 function / : N — > N «s superadditive iff for all n,m: f(n + m) > 



Proposition 6.8 Lei £ : N — > N 6e a non- decreasing function such that t(n) > n for all n. 
Then there is a superadditive function T : N — > N swca taat /or a// rz 7 

*(n) < T(n) < n-t(n). 

Hence, every non- decreasing function which is larger than the identity function is polynomially 
equivalent to a non- decreasing superadditive function. 

Proof. Given the function t we define the desired superadditive function T by 
T{n) = max{ £*Li*(0 : k > h K, • • • , n k ) E (N - {0}) fe , Eti^ = ™}- 
In other words, (ni, . . . , njt) is any partition of n; we define T(n) to be ^ i=1 £(n.j), maximized 
over all partitions of n. It is straightforward to verify that T is superadditive and that t(n) < 
T(n)<n-t(n). □ 

Theorem 16.31 gives us a large subset of the set of distortion functions of V, namely the set 
of all Dehn functions. Moreover, we know from [33] that for any time complexity function of 
a nondeterministic Turing machine, its fourth power is linearly equivalent to a Dehn function 
(if it is superadditive). By Proposition 16.81 we can always assume that our functions are 
superadditive (up to polynomial equivalence). 

Corollary 16 . 1 II below will give a kind of converse to Theorem 16.31 



f(n) + f(m). 
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Lemma 6.9 If a finitely generated subgroup H of a finitely generated group G has distortion 
function 5, and if the word problem of G has nondeterministic time complexity T(-), then the 
generalized word problem of H in G has nondeterministic time complexity bounded by a function 
linearly equivalent to T(S(-)). 

Moreover, if T is the time complexity of a nondeterministic Turing machine and 5 is the 
distortion of a subgroup of G then T(8(-)) is linearly equivalent to the time complexity of a 
nondeterministic Turing machine. 

Proof. Suppose G has a finite generating set A and H has a finite generating set A C (A^ 1 )*. 
Let w G (A^)* of length | w\ = n be an input to the generalized word problem. We guess a 
word z G (A ±:L )* of length \z\ < 5(n) such that w = z in G. Such a z exists iff the answer to 
the generalized word problem is "yes". It takes time 0(5{n)) to guess z. 

To check correctness of the guessed z we solve the word problem "Is w = z in G?", in 
nondeterministic time linearly equivalent to T(n + 5(n)), which is linearly equivalent to T(<5(-)). 
□ 

If we let G be V, the above and Proposition 14.21 give us a nondeterministic Turing machine 
with time complexity linearly equivalent to S(-) 2 , for solving the generalized word problem of 
H in V. Therefore we have: 

Proposition 6.10 Every distortion ofV is linearly equivalent to the square-root of a nonde- 
terministic time complexity function. 

In summary, we have the following corollary. 

Corollary 6.11 The following classes of functions are polynomially equivalent: 

• Time complexity functions of nondeterministic Turing machines. 

• Dehn functions of finitely presented groups. 

• Distortions in the Thompson group V . 

The polynomial equivalences between the above three classes of functions actually have "uniform 
degree"; this means that the degrees di, d 2 , d 3 , c? 4 that appear in the polynomial equivalences 
between functions (in Definition 16. 6j) are the same for all pairs of functions. 

Questions: (1) Of course (by Ol'shanskii and Sapir's theorem [3U], and by the results of [35]), 
Corollary 16 . 1 II also holds for FG2 x FG2. For what other groups does the Corollary hold? 

Some linear groups are candidates; it is well known that SL^Z) has FG2 x FG2 as a subgroup 
(see pp. 41-42 in |2Sj, and [21!), Du t one would also need to study the distortion of linear groups 
as subgroups of other linear groups. 

(2) Are the distortions of V linearly (rather than just polynomially) equivalent to the Dehn 
functions of finitely presented groups? (By (20], FG 2 x FG 2 has this stronger property.) 
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7 Representation of the Thompson groups in algebras 



We will show that the Thompson groups are subgroups of Cuntz C*-algebras. Those algebras 
can be defined as the completion of quotient algebras of the polycyclic monoid. 

The polycyclic monoid on a generating set A is an inverse monoid with zero 0, defined by 
an inverse monoid presentation with relations 

{a- 1 a = 1 : a E A} U {a~ l f3 = : a, (3 E A with a ^ (3}. 

It follows from this presentation that every element of PC (A), other than 1 and 0, is of the 
form yx~ l with y,x E A*. On the other hand, u v = if u, v E A* are not prefix-comparable; 
and if u > pre f v = uz, then u~ 1 v = z E A*; if v > pre f u = vw, then u~ x v = w~ l E (A^ 1 )*. 

For the definition of "inverse monoid" and more information on these monoids, see e.g. the 
monograph 16 . Polycyclic monoids were introduced in j2Hj (and were re- invented in j^J). The 
papers [2T], [T3] and jTTj give interesting applications of polycyclic monoids. 



We assume that the alphabet is A = {a, b}, and in order to represent V we first consider 
the monoid algebra of PC (a, b) over any field IK 



K[PC(a,b)} = {YtiKWl 
U {0} 



n 



E N, y i x i 1 E PC {a, b) and K t E K for all z = 1, . . . , n} 



Before embedding V in a Cuntz algebra, we will represent V as a subgroup of the multiplicative 
part of a quotient algebra of K[PC(a, b)]. Let us look at an example before going into details. 



Example: Consider the two elements C, B of V given by tables 

^ 2 ab 



B 



a 
a 



ba 
ba 2 



b 2 a 
bob 



b 3 
b 2 



c 



a 
a 



ba 



bab 
b 3 a 



ba 2 
b 2 a 



b 2 
b l 



They will be represented by elements of K[PC(a, b)} as follows: 



aa 



+ ba 2 aT x b~ x + baba^b' 2 + b 2 b 



2 h-3 



B is represented by 
C is represented by aa~ 2 + bab^a^ 1 + b 3 ab~ 1 a~ 1 b~ 1 + b 2 aa~ 2 b~ x +b 4 b~ 2 . 
One observes that the composite C o B is then represented by the product of the corresponding 
elements of K[PC(a, 6)]: 

(aa~ 2 + &a6" 1 a" 1 + 6 3 a6" 1 a" 1 ^ 1 + 6 2 aa _2 6 _1 +b 4 b~ 2 ) ■ (aa -1 + ba 2 : a" 1 fe" 1 + baba~ 1 b~ 2 1 
= aa' 2 + bab^a' 1 + 6 3 aa _1 6 -2 + 6 2 aa -1 ^ 1 +b 4 b~ 3 , 

where we applied the relations of PC (a, b) and omitted the terms that are 0. 

■ 2 ab b 
ba b 2 

representation of A can be obtained from the K[PC(a, ^-representation of C oB by repeatedly 
applying the relation aa" 1 + bb~ 1 = 1, as follows: 



The maximum extension of C o B turns out to be A 



a 
a 



-b 2 b- 3 ) 



. The K[PC{a, &)]- 



aa 2 + bab l a 1 + 6 3 



aa 



aa 



aa 



aa 



" 2 + bab- 1 a- 1 + b 3 '—- 1 



' 2 + bab~ x ar A 



[aa 
b 3 b- 2 



- b 2 aa- l b~ l + 6 4 6~ 3 

+ bb~ l )b~ 2 + 6 2 aa" 1 o- 1 

b 2 aa- l b- 1 



+ bab^a- 1 + 6 2 (66- 1 + aa- l )b- 1 
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= aa~ 2 + bab^a' 1 + b 2 b~ l . 

This ends the Example. We will now formalize this for V, then generalize the representation 
to C/2,i; and finally prove properties. 

For an algebra A and a set X C A we write ((X)) for the ideal generated by X in A. We 
now take the following quotient algebra: 

C v = K[PC{a,b)]/l v 

where 

l v = ((aa- 1 + bb- 1 - 1)). 

We can interpret the ideal ly as a term rewrite system with the two rules, aa~ l + — > 1 
and 1 — > aa^ 1 + bb^ 1 . The ideal ly and the corresponding rewrite system interpretation 
are inspired from Lemma \2.2\ which tells us how to find maximum extensions of right-ideal 
isomorphisms. 

Note that in the quotient algebra Cy we have ^„ e g q q~ l = 1 for any finite maximal prefix 
code Q. Hence, in the above example, the sum representing C o B could have been maximally 
extended in one step as follows: 

aa~ 2 + bab^a' 1 + b z aa~ l b~ 2 + b 2 aa~ l b~ l + b 4 b~ 3 
= aar 2 + bab^a' 1 + b 2 (baa~ l b~ l + aaT 1 + b 2 b~ 2 )b- 1 
= aa' 2 + bab^a' 1 + b 2 b~ l 

where {ba, a, b 2 } is a maximal prefix code. 

Representing £?2,i by algebras is more complicated. For a right-ideal isomorphism (p between 
essential right ideals we want the representation J2 x &p V 9 ( a; ) X ~ X where P C A* is the (possibly 
infinite) domain code of (p. Then for any w G PA* we have: 

<f( w ) = EzeP^O)^ 1 w n A*. 

The sum XLeP ( Pi x ) x ~ 1 belongs to an algebra consisting of possibly infinite sums over the 
monoid PC (a, b) over any field K; but we need to restrict the infinite sums in order to get the 
desired algebraic properties. The following property of sums will guarantee that our algebra is 
closed under multiplication, but further restrictions will be needed. 

Definition 7.1 We call a relation S C A* x A* finite-to- finite iff for any x G A* there are 
only finitely many y G A* such that (x, y) G 5", and for any y G A* there are only finitely many 
x G A* such that (x,y) G S. 

As a preliminary step we start out with the following algebra. 

Boo = K i Vi x ~i X '■ I ^= Vi x i l £ PC {a, b) and K{ G K for all i G /, 

and the relation {(yi,Xi) : i G 1} is finite-to-finite} U {0} 

It is obvious that is closed under addition. In Lemma Hi 1.11 we'll prove that is closed 
under multiplication. 
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We define the set of unary sums to be the subset U.^ of consisting of sums of the form 
^ ie/ |/jX~ 1 with the following properties: 

• All the coefficients in the sum are equal to 1. 

• The sets {xi : i G 1} and {yi : i G 1} are maximal prefix codes, such that the indexing 
% G / I— > Xi and the indexing % G / i— > y i are bijective functions. 

The set lAy (c K[PC(a,b)}) is defined in a similar way, by taking the index sets I to be 
finite in the above definition. 

We also define the sets of partial unary sums, U^ rt and Wy art , by just requiring {x; : i G 1} 
and {yi : i G /} to be prefix codes (not necessarily maximal), while the rest of the definitions 
is kept unchanged. 

We will prove later (Lemma [HID that the sets U^Uy, U^ rt and W£ art are closed under 
multiplication, so they are monoids. 

We define the algebra Aoo as the subalgebra of Boo generated as an algebra by U^ rt : 

Note that K[PC(a,b)\ is the subalgebra of Boo generated by lA y wt . Since U^ Tt is closed under 
multiplication (as we will prove in Lemma fll.4|) . every element of Aoo is a linear combination 
of elements of U^ n ; in other words, -4.oo is the monoid algebra of the monoid U^ n . 

The algebra Aoo can also be characterized as follows (as will be proved in Lemma 111. 2)) : 
Aoo consists of the elements 52 igJ i^iViXj 1 of Boo that have the following three properties. 

(1) The relation S = {(xi,yi) : i G /} is bounded finite-to-finite. This means that there exists 
no such that for every Xi G {xi : i G /}, ^(x^)] = \{yj : (xi ,yj) G S}\ < no, and for every 
Vj G {yi : i G /}, |5 ,_1 (y io )| = \{xi : (x u y jo ) G S}\ < n . (i.e., there is a bound on the 
cardinalities of all the sets S(xi) and S (y^) as i ranges over /). 

(2) In {xi : % G /} and in {y^ : i G I}, all > pre f-chains have bounded length. 

(3) The set {ftj : 2 G /} is finite. 

Finally, in order to embed £2,1 we consider the quotient algebra 

C = A II 

where the ideal I x is defined by 

loo = ((E.e/l/^E^^- 1 -!)^ 1 : JCN, 

{xj : i G /} and : 2 G /} are maximal prefix codes, 

2 G / 1— > Xj G {xj : z G /} and i G / 1— ► G : i G /} are bijections, 

and is a maximal prefix code of A* (for every % G /) )). 

Note that |J igJ x^Qj and |J ig/ y^Qj are maximal prefix codes, by construction (2) in Example 
II. lj hence ^i^j^^g^iq q~ 1 x~ 1 G U^ Tt , and thus 1^ C Aoo- We can interpret the ideal 1^ 
as a generalized term rewrite system with the rules E (?g q<?<?~ 1 — > 1 and 1 — > ^2i qe Q<lQ~ 1 ■, 
where Q ranges over all maximal prefix codes of A*. This is a generalized rewrite system, in 
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the sense that these rules are applied to infinite sums, and we allow infinitely many rules to 
be applied "in parallel"; i.e., infinitely many rules of the form ^2 q& Q.q I' 1 ^ 1 e -0 are 
applied in infinitely many non-overlapping locations in the infinite sum. 

The ideals Iy and 1^ (and the corresponding rewrite system interpretation) are inspired by 
Lemmas 12. 2| 12. HI and 12.41 (especially Remark 3), which tell us how to find maximum extensions 
of right-ideal isomorphisms. 

The congruence class of J^iei^V^T 1 is 2» 6 j K i + J v> respectively ^ ^x," 1 + 

loo. Two elements of K[PC(a,b)} or ^too that belong to the same congruence class are called 
congruent. 

We will obtain the following representations of V and £2,1 as subgroups of the multiplicative 
part of Cy, respectively C^: 

Theorem 7.2 The Thompson group V is isomorphic to the subgroup Uy j\y oj 'the multiplica- 
tive part of the algebra Cy = K[PC(a, b)]/ly. 

The Thompson group Q 2 ,i is isomorphic to the subgroup Woc/Iqc of the multiplicative part of 
the algebra Coo = Ax>/Ioo- 

The fact that only the elements and 1 of the field are used in this representation is reminiscent 
of the regular representation by permutation matrices. 

All the algebras above are -k-algebras, by defining (X) i6J Hi ViX" 1 )* = K i x iV7 an d 
taking the field K to be C (the complex numbers, where * denotes conjugation). Then for all 
algebra elements s, t and scalars kgC: (s*)* = s, (ks + t)* = k*s* + £*, (si)* = t*s*. 

Remark 7.3 - Connection with the Cuntz algebras 1 

The use of the polycyclic monoid and the relations J2 q eQ 1 I' 1 = 1 means that the Cauchy 
completion of our algebra Cy (defined for any alphabet A) is the Cuntz C*-algebra 0\a\ ■ These 
C*-algebras were first introduced by Dixmier jjj, then studied by Cuntz 5J who proved many 
remarkable properties, many of which are reminiscent of the properties of V itself (e.g., that 
0\a\ is a simple algebra). See also [HI, EI] and j^21, where connections between C*-algebras and 
inverse monoids and, in particular, the relation between the Cuntz algebras and the polycyclic 
monoid, are exposited. 

In summary, from this and Theorem 17.21 we obtain: 

Corollary 7.4 The Thompson group V is a subgroup of the multiplicative part of the Cuntz- 
Dixmier C* -algebra O^. More generally, the Thompson-Higman group G n \ (n6N,n>2) is a 
subgroup of the multiplicative part of the Cuntz C* -algebra O n . 

We outline the proof of Theorem 17.21 First we list some lemmas. Other lemmas that play an 
indirect role, as well as the proofs of all the lemmas, are given in Appendix A4. 

• Lemma Til .31 There is a one-to-one correspondence between (1) the set of all isomorphisms 
between (essential) right ideals of {a, b}*, and (2) the set U^ Tt (respectively Uoo) 

xGDomC(ip) 

1 I owe the observation of the connection between the above algebra Cy and the Cuntz algebras to John 
Meakin 
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Its inverse is 

$: ^t/^ewr — > ( V :{x r .zeI}A* ->{ yi :zeI}A*) 
iei 

where (p is defined by ip(x) = Y^i^iVi x T x ^ A*. 

Similarly, there is a one-to-one correspondence between (1) the set of all isomorphisms 
between finitely generated (essential) right ideals of {a, b}*, and (2) the set Wy art (respectively 
U v ). 

• Lemma II 1.41 The sets W^, Wy, and Wy art are closed under multiplication. We have the 
following formula for the multiplication in U^ vt : 

jeJ i£l 

j £ dom/ n img j £ dom/ — img i £ domg — im/ 

where /:■/—>/ and g : I —> J are partial functions defined by < pro f u/y) and Xj = Vf^Zj] 
similarly, > pref Vi and ^ = Xg^U. 

• Lemma Til. 51 The one-to-one correspondence $ of Lemma [11.31 is a homomorphism, i.e., for 
all <r 2 , (7i G Z^** : $(cx 2 • o-i ) = $(0-2) o $((Ti). 

• Lemma 111.61 The one-to-one correspondence E of Lemma 111.31 respects the congruence re- 
lations on the set Uoo (induced by 1^) and on the set of all isomorphisms between essential 
right ideals. In other words, two isomorphisms between essential right ideals, <pi and <£> 2 are 
congruent (i.e., they have the same maximum extension) iff £(<£>i) and S(<^ 2 ) are congruent 
(relative to the ideal I^). A similar fact holds for Uy. 

Proof of Theorem 17.21 We prove the theorem for (? 2jl ; for V the proof is similar. By 
Lemma 111.31 there is a one-to-one correspondence £ from the set of all isomorphisms between 
essential right ideals, to the set Uoo- By Lemma ril.fi[ this one-to-one correspondence respects 
the congruence relation of the set Uoo and the congruence relation of the set of all isomorphisms 
between essential right ideals. Therefore £ determines a one-to-one correspondence between 
C/2,1 and Uoo /I 

Moreover, Q 2 ,i and Uoo/Ioo are isomorphic as groups: Any subidentity isomorphism of the 
form pw G PA* — > pw G PA* (with p ranging over a maximal prefix code P, w ranging over A*) 
is mapped by E to ^2 pe pPP 1 i which is congruent to 1 modulo 1^. Also, for any isomorphism 
ip : PiA* — > P2A* between essential right ideals, the one-to-one correspondence E maps the 
inverse ip^ 1 to J2 P2 <=p 2 i P~ 1 (P2) P2 = J2 Pl ePi P 1 V^Pi)" 1 ; which is congruent to the inverse of 
E(^). Indeed, Y^^iV^ • H^i^V^ = Ei£/^~S and E fe j^ r *+_j-° o = 1 + !«>■ Finally, 
the product £(?/>) £(<£>) is congruent to H(ip(p), as we saw in Lemma Hi. 51 □ 



33 



8 Appendix Al 



In this appendix we present basic information about prefix codes and right ideals of free monoids. 

A combinatorial observation: The number of maximal prefix codes of cardinality n over the 
alphabet {a, b} is C n _i, where C n = ^y( 2 ™) (the classical Catalan number). This is proved 
by counting binary trees (see e.g. [SHI, Chapter 5). Asymptotically, C n = ^7= (l+e(n)), with 
lim^oo e(n) =0. 

So, instead of defining the elements of the Thompson group V as "maximum" bijections 
between maximal prefix codes over the alphabet {a, b}, one could define V as bijections between 
other combinatorial objects, parameterized by a positive integer n, such that the number of 
objects of "size" n is the Catalan number (see e.g. jSH], Section 5.11). 

The next lemmas give some elementary properties of prefix codes. 

Lemma 8.1 (1) R is a right ideal of A* iff there exists a prefix code P over A such that 
R = PA*. 

(1') For a right ideal R the prefix code P such that R = PA* is unique. 

(2) R is an essential right ideal of A* iff R is a right ideal such that 

(Vu G A*)(3x G A*) ux eR 
(i.e., in the terminology of I3by. R is "inescapable"). 

(3) R is an essential right ideal of A* iff R is a right ideal whose corresponding prefix code 
is maximal. 

(4) P is a maximal prefix code of A* iff P is a prefix code and 

(Vu e A* - PA*)(3x e A*) ux e P. 

Proof of (1): [<=] Obviously, PA* is a right ideal. 

[=>] We claim that for any right ideal R C A* we have: 

P = R — R A is a prefix code such that R = PA*. 

Obviously, PA* C RA* C R, since R is a right ideal. Conversely, let us show that R C PA*. 
For any r G R, let p be the shortest prefix of r that belongs to R. Since r itself is in R, p exists, 
and by definition, p G R. Also, r = px for some x E A*, since p is a prefix of r. Finally, p ^ RA 
(otherwise, we would have p = r'a for some r' G R, a G A, which would imply that p is not the 
shortest prefix that r has in R). Thus, p G P. Since r = px, we have R C PA*. 

To show that P is a prefix code, let p,p' G P and suppose p' is a prefix of p: p = p'x, for 
some x G A*. If x is not empty then p G RA, contradicting the assumption p G P (= R — RA). 
Thus, the words in P that are prefixes of each other are equal to each other. 

Proof of (1'): If Pi A* = P2A* for two prefix codes P\, Pi, then for every p\ G Pi there exists 
P2 G P2 such that p\ = P2X (for some x G A*). Also, there is p[ G Pi such that P2 = p[y (for 
some y G A*). Hence p\ = p[xy, which implies x = y = e (the empty word), since Pi is a prefix 
code. Thus, p± = P2 G Pj. Therefore, Pi C P 2 . Similarly, P 2 C P 1 , so Pi = P 2 . 

Proof of (2). If R is essential then R intersects any right ideal, in particular uA* . Thus, 
R fl uA* 7^ 0, hence ux G R for some x & A* . 
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Conversely, consider any right ideal PA*. For any u G P, ux G R for some i64*, hence 
R intersects uA*, hence R intersects PA*. 

Proof of (3). Let P be the prefix code corresponding to the right ideal R. By definition, P 
is a maximal prefix code iff (Vw G A* — P) : P U {u} is not a prefix code. 

If PA* is essential then (by (2)) for any u G A*-P, uA*DPA* ^ 0, hence (Bp G P){3x,y G 
A*) -ux = py. Hence, u < pre f p or p < pre f «• Therefore, since w is prefix-comparable to some 
word in P, P U {u} is not a prefix code. Thus, P is maximal. 

Conversely, if P is maximal and u G A*, let us show that ux G PA* for some x E A*. 
If ii G P this is obviously true (taking a; = e). If w ^ P, P U {m} is not a prefix code, by 
maximality of P, hence u either has a prefix p for some p G P, hence u = py E PA* (for some 
y G A*), or « is a prefix of some p G P; then ux = p E PA* (for some a; G A*). 

Proof of (4). Let P be a maximal prefix code. By (1) - (3) of this Lemma, for any 
u G A* — PA* there is x G A* such that ux G PA* . Then, replacing x by the shortest prefix x' 
of x for which ux' G PA*, we have ux' G P. 
The converse is immediate form (2). □ 

Lemma 8.2 Let (p : P\A* —>■ P2A* be a right-ideal isomorphism, where Pi, P2 are prefix codes. 
Then <p maps Pi bijectively onto P 2 . 

Proof. Since <p is injective on Pi A* it is also injective on Pi. Let us show that (p(Pi) Q Pi- If 
Pi G Pi then (p(pi) = V2W for some p 2 G P2, w G A*. Also, pi = tp^ipiw) = V 9 " 1 ^) w = p[vw, 
for some t> G A*. Since Pi is a prefix code it follows that p\ = p[ and hence w = e. Thus, 
(p(pi) = pi G P2. A similar reasoning, applied to ip" 1 , implies that v ?_1 (Pi) ^ P2, hence 
P 1 C ( p(P 2 ). □ 

Lemma 8.3 T7ie intersection of two essential right ideals Ri,R 2 of A* is an essential right 
ideal of A* . 

Proof. Let Pi, P2 be two essential right ideals of A*. The intersection Pi n P2 is obviously a 
right ideal. By Lemma IH"T1 (2), for all u G A* there is x G A* such that ux G Pi (since Pi is 
essential). Moreover, applying Lemma 1511 (2) to P 2 : for ux there is y G A* such that uxy G P2. 
Since P x is a right ideal and since ux G Pi, we also have uxy G Pi. Thus, for all u G A* there 
is z = xy G A* such that uxy G Pi fl P 2 , which implies that Pi H P2 is essential. □ 

Lemma 8.4 Let (p : R —> Q be an isomorphism between essential right ideals, and let <p' : 
R! — > Q' be a restriction of ip to right subideals R! C R, Q' C Q, with ip'(R') = Q' . Then we 
have: R' is essential iff Q' is essential. 

Proof. Assume Q' is essential. Let u be any word over A*. Since P is essential, there exists 
x G A* such that ux G P; hence ip(ux) G Q. Since Q' is essential, there exists y G A* such that 
ip{ux)y G Q'; hence (/9 _1 ((^(mx) y) G R! . Moreover, <p~ 1 (ip(ux) y) = uxip^iy). Thus, every 
word u G A* is the prefix of a word in P', which implies that R! is essential. 

The proof in the other direction is symmetric to this proof, since ip is an isomorphism. □ 
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Lemma 8.5 Assume Q is a prefix code of A* , and let x E A* . Then xQ = {y E A* : xy E Q} 
is either the empty set or a prefix code. If Q is a maximal prefix code of A* then xQ is maximal 
too. 

Proof. If 2/1,2/2 G xQ are prefix-comparable then xy±,xy 2 will also be prefix-comparable, 
contradicting the fact that Q is a prefix code. 

To show maximality of xQ if Q is maximal, consider any word z E A*; we want to show 
that z is prefix-comparable with some element of xQ. Since Q is a maximal prefix code, xz is 
prefix-comparable with some q E Q. 

• If xz is a prefix of q then xzt = q for some t E A*, so z is a prefix of zt E xQ. 

• If q is a prefix of xz then no other element of Q is a prefix of rcza. Either (case 1), q is a 
prefix of x or (case 2), q = xp for some p G IrQ such that p is a prefix of z; hence in case 2, 
2 is prefix-comparable to an element of xQ. In case 1, xQ = 0; indeed, q is a prefix of a; (so 
x{q} = 0), and no other element of Q is prefix-comparable with x (Q being a prefix code), 
hence x{q'} = for all q' E Q — {q}. □ 
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9 Appendix A2 



In this appendix we give details of the proof of Lemma 13.111 If x, y G {a,b}*, we abbreviate 
x > P rcf y to x > y; recall that this means that x{a, b}* strictly contains y{a,b}*, i.e., x is a 
strict prefix of y. Similarly, x ^ y means that x is not a prefix of y. 



Fact A2.1 

(1.1) 

(1.2) 
(1.3) 
(1.4) 



a' 1 ■ (a k \b h av) ■ a = (a^b^av) for all h > 2, v G {a, b}*, k > 1; 



a 



(a k \bav) ■ a 



,fe+i 



\abv) for all t> G {a, b}*, k > 1; 



a- 1 • (a fc |6^) • a = (a^ 1 ^ 1 ) for all /i > 2, jfe > 1; 



(ab\b) ■ (a k \b) ■ (ab\b) = (a k \ab) for all k > 2. 

Proof. Verification of (1.1): When h > 2, v G {a, 6}*, > 1, then 
a -1 ■ (a^l&^au) • cr 

= a - 



1 . 


' a k 


b h av 


a*b 


Va b h+1 b h aut 






a 2 


ab 


b ' 




b h av 


a k 


a % b 


Va b h+1 b h aui 






a 


ba 


b 2 












\<i<k 


^^0<h u>v, uCjhv 














a 


ba 


b 2 ' 




a k+1 


b h ~ 1 av a l b ab 




Va 


b h 


b 


h - x aut 


a 2 


ab 


b 




b h av 


a k a l ~ 1 b ba 


V +1 a 


b h+i 




b h aui 












2<i<k 




i<j<h- 


-l 






a k+l 


b h 1 av 


a% 


ab Va b h b h ~ x aui 












b h- 




a k+1 


a% 


ab Va b h b^aui 




















2<i<k 


l<j<h-l 















= (a k+l \b h ~ l av). 

Verification of (1.2): When v G {a, b}* } k > 1, then 
a -1 ■ (a k \bav ) ■ a 

a l b b 2 baui 



a 



-i 



a 

„2 



a 
bav 

ba 
ab 



bav 
a k 



b 2 
b 



a l b 

l<i<k 

a k+1 
bav 



b 2 bau£ 

u>v, v£j£y 



a k+1 
abv 



a 



abv 

k+l 



a l b b 
a % b b 

2<i<k 



abv 
a k 



abut 
abut 



a l b 
a 1 '" 1 b 

2<i<k 



a 
a 

b 
b 2 



ab 
ba 

abui 
baut 



b 
b 2 



,k+l 



\abv). 



Verification of (1.3): When h > 2, k > 1, then 



a 



-i 



k\uh\ 



(a k \b 



a 
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= a 



a 
b h 



ba 
ab 



b h 



b 2 
b 



a k+l 
b h-i 



b h-i 
fc+i 



a 



k+1 \b 



a l b tPa 
a l b IP a 

l<i<k l<j<h-l 



a 
a 



a 



k+l 



b h-i 
a k 



a l b 
a'b 

2<i<k 



ab IP a 
ab IP a 

l<j<h-2 



Verification of (1.4): When k > 2, then 
(ab\b) ■ (a k \b) ■ (ab\b) 



= (ab\b) 



b a l b 
a k d l b 

\<i<k-l 



ab 
ba 

a % b 
a^b 

2<i<k 



ab 
b 



b ' 
b 2 _ 

ab IP a 
ba V +1 a 

l<j<h-2 ' 



b 

ab 



ab 
b 



b 

ab 



ab a l b b 
a k a l b ab 

2<i<fc-l 



a 
ab 



(a k \ab). 



ab a' l b b 
a k a l b b 

2<i<k-l 



This proves Fact A2.1. □ 



Fact A2.2 

(2.1) If (k >) j > 2, h > 1, then a ■ (a k \a^b h v) ■ a' 1 = (a k - 1 \a j - 1 b h v). 

(2.2) If j = 1, k > 3, h > 1, then 8 ■ {a k \ab h v) ■ 8' 1 = (a k - 1 \aPv). 

(2.3) If j = 1, k = 2, h > 2, then 7l • (a 2 \ab h v) ■ 7^ = (a^ab^v). 

(2.4) If j = 1, k = 2, h = 1, |u| > 2 (so v = au for some u G {a, 6} {a, b}*), 

then 72 • (a 2 |a&cra) • j^ 1 = (a 2 |a6w). 

Proof. Verification of (2.1): If (Jfe >) j > 2, /i > 1, then 

a ■ (a k \a j b h v) ■ a' 1 (The column "a j b r a" is absent if ft, = 1.) 

a ba b 2 
a 2 ab b 

0<i<k— 1 l<r<h P>v, p£^v 



a h 
a j b h v 



a?b h v 
a k 



a l b 



a?b r a 
a^b r a 



a^b h i 
a?b h % 
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a 
a 



ab 
ba 



b 
b 2 



a k ~ l 
a^b h v 



a?- l b h v 
a k 



a l b a j 1 b r a 
a l+1 b a^b r a 

0<i<k-2 l<r<h 



a 3 1 f) h pl 

a?b h pl 



ba 
ab 



bb 
b 



a k - 1 
a?~ x b h v 



ai~ x b h v 
a k - x 



a l b 
a% 

0<i<fc-2 l<r<h 



a^Wa a?~ l b h pl 
a?- x b r a a?~ x b h pl 



ba 
ba 



bb 
bb 



(a k - 1 \a j - 1 b h v). 



Verification of (2.2): If j = 1, k > 3, h > 1, then 



5- (a fe |a&S) 

a k 
ab h v 



(The column "a6 r a" is absent if ft. = 1.) 



a 2 b 
ba 



ab h v 
a k 



ab 
ab 



a l b ab r a 
a l b ab r a 

2<i<k-\ l<r<h 



ab h p£ b 
ab h p£ b 

p>v, pCjhi 



ba 
a 2 b 



ab 
ab 



b 
b 2 



a k ~ l 
ab h v 



ab h v 
a k 



a l b ab r a 
a i+1 b ab r a 

2<i<k-2 Kr<h 



ab h pl 
ab h pl 



b 2 
b 

ba 
a 2 b 



a k - 1 
ab h v 



ab h v 
a'- 1 



a % b ab r a ab h pi ba bb 
a % b ab r a ab h p£ ba bb 

2<i<k-2 l<r<h 



= [a 



k-l 



\ab h v). 



Verification of (2.3): If j = 1, k = 2, h > 2, then 



7i • (a 2 \ab h v) ^f 1 . 

^2 



(The column "ab h p£" is absent if v is empty.) 



7l • 



a 



6a 



ab h v 
a 2 



ab 2 
ab 



ab r a ab h pi b 
ab r a ab h pl b 

l<r<h p>v, pCjhu 



a" 
ab 11 ' 1 



v 



ab h l v 
a 2 



b 
b 2 



ab r a 
ab r a 

Kr<h-2 



a 
ab h v 

ab h p£ 
ab h pi 



ab h 1 v 
a 2 



ba 
aba 



ab r a 
ab r+1 a 

Kr<h-2 



ab 
ab 2 

ab h p£ 
ab h+1 p£ 



b 2 
b 



ba 
aba 



ba 
ba 



bb 
bb 



= (a 2 \ab h - l v). 



bb 
b 



bb 
b 



• Verification of (2.4): If j = 1, k = 2, h 
then 72 • (a 2 \abau) ■ = (a 2 \abu). 



1, \v\ > 2 (so v 
Case (2. 4. a): v = aaw, for some w G {a, 6}*. 



au for some u G {a, 6} {a, b}*), 
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72 • (a 2 \aba 2 w) ■ 7 2 1 
,2 



(The column "aba 2 pi" is absent if w is empty.) 



72 • 



a 



a 

aba 2 w 



aba 
ab 



aba 2 w 

2 



a 



abab 
abab 



ab 2 
ab 2 



ab 2 
ba 



a 

abaw 



abaw 
a 2 



b 
b 2 

ab 2 
ab 2 



a 

aba 2 w 



abapt 
aba-pi 



ba 
ba 



aba 2 p£ 
aba 2 p£ 

p>w, pl^w 

abaw 
a 2 



bb 
bb 



b ' 

b 

ab 2 
abab 



ab 
aba 



ba 
ab 2 



b 2 
b 



abapi 
aba 2 p£ 



ba 
ab 2 



bb 
b 



= (a 2 \abaw). 



Case (2.4.6): v = abw, for some w G {a, b}*. 



7 2 • (a 2 \ababw) ■ 7 2 1 

.2 



(The column ll ababp£" is absent if w is empty.) 



72 



a 



a 

ababw 

aba 
ab 



ababw 
a 2 



aba 2 
aba 2 



ab 2 
ab 2 



ab 2 
ba 



a 

abbw 
(a 2 \abbw). 



abbw 
a 2 



b 
b 2 

aba 
aba 



a 

ababw 



ab 2 pi 
ab 2 pi 



ba 
ba 



ababpi 
ababpt 

p>w, pl^w 

ab 2 w 



bb 
bb 



b 
b 

aba 
aba 2 



ab 
aba 



ba 
ab 2 



b 2 
b 



ab 2 pl 
ababpi 



ba 
ab 2 



bb 
b 



This proves Fact A2.2. □ 
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10 Appendix A3 

In this appendix we give details of the proof of Theorem 16.41 

Case ao: n = a hm p km ^ . . . (3 ki a hi . . . a h2 (3 kl a hl , 
Case pa: \i = I3 km a hm p^- 1 . . . (3 ki a hi . . . a h2 (3 kl a hl , 

Claim (*a). Let [i be as above, according to cases aa or (3a. Then, 

^(a) = (u7 m fm ra| ~ 1 ) t m u^ m|_1 m m _i . . . Wivp'hiuf^" 1 . . . Wiv^' 1 ^ uf lhl w 
where: 



ba if hi > 
Wo = i a 2 if h 1 <0 



For m — 1 > i > 1 : Wi 



ba 3 if h i+1 > 0, ki > 

ba 2 b if h i+1 > 0, k { < 

a 4 if h i+ i < 0, ki > 

a 3 b if h i+ i < 0, ki < 



In case (3a: w r , 



a 3 if k m > 
a 2 b if k m < 



For m — 1 > i > 1, or i = m in case (3a: ti 



bob 2 if hi > 0, ki > 

a 2 b 2 if hi > 0, ki < 

baba if hi < 0, ki > 

a 2 ba if hi < 0, ki < 



In case aa: The factor (w m Vm m ^ 1 ) is absent, and t m = \ \ ^ ^ m > j? 



a if hi > ( a if ki > 

b if hi < U< = 1 6 i/ fci < 



For m > i > 1 : w j = 
We a/so /iave: 

^(6o) = (w m ^ m| - 1 ) t m ^ rahl M ; m _ 1 . . . WiV^Uv}^- 1 . . . w l v[ kll ~ 1 t l u[ hll - 1 W 
where: 



W 



b 2 if h>0 
ab if hi < 

and all other Wi, Vi, ti, and Ui are the same as for /i(a). 

Proof of Claim (*a). The proof goes by induction on the number of exponents (k m , ) h m , . . . , ki, hi 

(eZ-{0». 

Base of the Induction: A straightforward induction on hi shows that for all hi e Z — {0}, 

6 3 a l hl l -1 6a if hi > 
^afol^l-V if hi < 

6 3 a |/ ll |-l 6 2 j f hi > o 

6 2 a&l /ll l- 1 a6 if /n < 
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a hl (a) 
a hl {ba) 



with t m = 



So Claim (*a) holds when we just have one non-zero exponent. 
Inductive Step: We assume hi ^ 0. 

Case aa: We consider the case where \i is of the form aa (with, k m = 0, h m ^ 0). 

Assume h m , . . . , ki, hi are non-zero, and k m — 0. By induction, /i(a) and fi(ba) are of the 
form 

/ \ + \h m \-l \ki\-l. \hi\-l 

/i(a) = t m U\n W m _i . . . WiV[ ti u[ Wo 

H(ba) = t m ^~ X w m ^ . . . WiV^-hiU^Wo 
b 3 if h m > 
b 2 a if h m < 

(1) If h m > and another a is applied to fj,(a) or n(ba), then t m = b 3 ; by looking at the entry 
6 3 in the table of a we obtain 

a/j,(a) = t m Um m ^ +1 ~ 1 w m ^.i . . . Wivf :i ^ 1 ti u^ 1 ^ 1 w (respectively W instead of w for 
afj,(ba)). 

Also, \h m \ + 1 — 1 = \h m + 1| — 1 when h m > 0, so we have verified the induction hypothesis. 

(2) If h m < and another a~ l is applied to /x(a) or to /i(6a), then i m = b 2 a; the entry 6 2 a in 
the range-row of the table of a yields then 

a _1 /x(a) = t m Mm m ' +1 1 w m -i . . . wiv^ 1 ti -u^ 1 ' 1 wq (respectively Wq instead of wq for 
a -1 fi,(ba)) . 

When h m < 0, \h m \ + 1 — 1 = \h m — 1| — 1, so we have verified the induction hypothesis. 

(3) If f3 is applied to fi(a) or to fi(ba), and h rn > 0, we use the fact that t rn (= b 3 ) starts with 
b. The entry b in the table of j3 implies that the leftmost b in t m is replaced by a 3 ba. So, //(a) 
(or fi(ba)) becomes 

/3(/i(a)) (or (3(/i(ba)) 

= a 3 bab 2 Um m ^ 1 w m -i . . . wiv^ 1 t i -uf 1 ' 1 wq (respectively Wo). 

= w' m vt m ^ l t' m ut m ^ l w m ^ . . . wiv[ klhl ti u[ hlhl w (respectively W ). 

Indeed, now k m becomes 1; when k m > we have for the new factors w' m = a 3 (and v m = b, 
buy \k m \ — 1 = here); moreover, when k m > and /i m > 0, the new value of "t m " is t' m = ab 2 . 
So we have verified the induction hypothesis. 

If h m < 0, we obtain 

P(fi(a)) (or P(fi(ba)) 

= a 3 6a6aMm m ' _1 w m _i . . . Wiff 1 '" 1 ^ -u^ 1 '" 1 ^ (respectively W ). 

= w^^ m|_1 ^^ m|_1 w m _i . . . wi4 fell_1 ^i Mf l|_1 wo (respectively Wo). 
Indeed, now k m — 1; when fc m > we have = a 3 (and i> m = 6, but |/c m | — 1 = here); 
moreover, when k m > and /i m < 0, t' m = baba. So we have verified the induction hypothesis. 

(4) If {5~ x is applied to //(a) or to fi(ba), we again use the fact that t m starts with b. The entry 
b in the range- row of the table of (3 implies that the leftmost b in t m is replaced by a 2 ba 2 . 

If h m > 0, /i(a) (or (J,(ba)) becomes 

(or p-^ba)) 

= a 2 ba 2 b 2 itt"'" 1 ^! • • • wi^f 1 ' -1 ^ -u^ 1 ' -1 ^ (respectively W ). 
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= w' m vt^ l t' m ut m ^ Wi • • • w lV [ kl1 X u[ hl1 l w (respectively W ). 
Indeed, now, k m = — 1, and when k m > we have w' m = a 2 b (and v m = a, but \k m \ — 1 = 
here); moreover, when k m < and h m > 0, t' m = a 2 b 2 . So we have verified the induction 
hypothesis. 

If h m < 0, /i(a) (or fJ,(ba)) becomes 
/3 _1 (At(a)) (or p-\n(ba)) 

= a 2 ba 2 baum" 1 ^ w ra -i • . • tuii^ 1 ' *£i wf -1 ' 1 w (respectively Wo). 

= w^vt^'H^ut^w^ . . . Wl v^~\ u[ hlhl w (respectively W ). 

Indeed, now, k m = — 1, and when k m > we have w' m = a 2 b (and v m = a, but \k m \ — 1 = 
here); moreover, when k rn < and h m < 0, t' m = a 2 ba. 

This completes the verification of the induction hypothesis in the case where \i is of the 
form aa. 

Case (3a: We consider the case where \x is of the form (3a (with h rn+1 = 0,k m ^ 0). By 
induction, /i(a) and /i(ba) are of the form 

fiya) — W m V m i m U m W m _i . . . WiV 1 li U 1 Wq 

11 \ |fe m | — 1, |/l m | — 1 Ifcll— 1, \h\\ — lrjr 

H(ba) = W rn Vin t m Um W m -i . . . W1 V[ tiU\ Wq 

j a 3 if k m > 
with w m — < 9l , 

\ a 2 6 if /c m < 

(5) If a is applied to the string /i(a) or n(ba), we look at the entry a in the table of a (since 
in all case, w m starts with a). 

If k m > 0, we use the entry a in the table of a (since w m = a 3 ), and /x(a) (or n(ba)) becomes 

a(fj,(a)) (or a(/i(ba)) 

= b 4 a a 2 fm m '~ 1 t m -Um m '~ 1 w m _i . . . W\V J* 1 ' 1 w (respectively Wo) 

= C + i^t lhl ^^ mhl *m^ mhl ^m-i • • • wrf 1 ' - Vf l|_1 Wo (respectively W ) 
Indeed, now /i m +i = 1; when h m+ i > we have t' m+1 = b 3 (and u rn+ \ = a, but |/i m +i| — 1 = 
here anyway); moreover, when h m+ i > and k m > 0, w' m = ba 3 . So we have verified the 
induction hypothesis. 

If k m < 0, we use again the entry a in the table of a (now, w m = a 2 b), and fj,(a) (or ji(ba)) 
becomes 

a(fj,(a)) (or a(/i(ba)) 

= b 4 aabvm m ^~ 1 t m Um m ^~ 1 w m ^i . . . Wiv [ fcl '~ 1 ti-u^ 1 '~ 1 w (respectively W ) 

= C+i^t lhl <^ mhl im^ mhl Wm-i • • • wrf 1 '" Vf lhl Wo (respectively W ) 
Indeed, now h m+ i = 1; when /i m+ i > we have = 6 3 (and w m = a, but |/i m +i| — 1 = here 
anyway); moreover, when h m+ i > and k rn < 0, w' m = ba 2 b. So we have verified the induction 
hypothesis. 

(6) If a^ 1 is applied to the string fj,(a) or (J,(ba), we look at the entry a in the table of a (since 
in all case, w m starts with a). 

If k m > 0, we use the entry a in the range-row of the table of a (since w m = a 3 ), and fj,(a) 
(or ji{ba)) becomes 



43 



a 1 (/i(a)) (or a l {ji{ba)) 

= b 2 a 3 a 2 vt mWl t m ut mWl w m ^ . . . w^'hmf^wo (respectively W ) 

= Cift 1 '" 1 ^ 1 " 1 ^'" 1 ^-! • • • w^-Hm^Wo (respectively W ) 
Indeed, now h m+ \ — — 1; when h m+ i < we have t' m+1 = b 2 a (and u m+ \ = b, but |/i m +i] — 1 = 
here); moreover, when h m+ \ < and k m > 0, w' m = a 4 . So we have verified the induction 
hypothesis. 

If k m < 0, we use again the entry a in the table of a (now, w m = a 2 b), and fj,(a) (or n(ba)) 
becomes 

a _1 (yu(a)) (or a~ l (n{ba)) 

= b 2 a 3 abvm m ^ 1 t m Um m ^ 1 w m _i . . . Wiv^~ 1 tiu^ 1 ^ 1 w (respectively W ) 

= C + i^t lhl ^^ mhl im^ mhl ^m-i • • • w 1 v[ klhl t 1 u[ hll - 1 w (respectively W ) 
Indeed, now h m+1 = — 1; when h m+i < we have t' m+1 = b 2 a (and u m = b, but |/i m+ i| — 1 = 
here anyway); moreover, when h m+ \ < and k m < 0, w' m = a 3 b. So we have verified the 
induction hypothesis. 

(7) If k m > and another (3 is applied to /i(a) or /i(ba), we look at the entry a 3 in the table 
of (3 (since u> m = a 3 ). Then and /i(a) (or /i(ba)) becomes 

(3(n(a)) (or (3(/i(ba)) 

= Vm m|+1 ~ 1 t m «t m '~V m _i . . . wivf :i ^ 1 t 1 uf 1 ^ 1 w (respectively W ) 

When k m > 0, v m = a and \k m \ + 1 — 1 = \k m + 1| — 1, so we have verified the induction 
hypothesis. 

(8) If k m < and another (3~ l is applied to /i(a) or ji(ba), we look at the entry a 2 b in the 
range-row of the table of (3 (since w m = a 2 b). Then and /i(a) (or ji{ba)) becomes 

/9 _1 (/i(a)) (or 6eta _1 (/i(6a)) 

= w m fm m|_1 ~ 1 tmMm ml ~ 1 w m _i . . . Wivf^t^ 1 ^ 1 w Q (respectively W ) 

When k m < 0, v m = b and \k m \ — 1 — 1 = \k m + 1| — 1, so we have verified the induction 
hypothesis. 

This completes the proof of Claim (*a). □ 



Case a(3: fi = a hm (3 k ™- 1 . . .(3 ki a hi . . . a h2 (3 k \ 
Case (3(3: /i = (3 k - ct hm (3 km - x . . . (3 ki a hi . . . a h2 (3 k \ 

Claim (*(3). Let /j, be as above, according to cases a(3 or (3(3. Then, 
= {w m vl^- 1 ) tmu^w^ . . . Wl v^- l Uu^- 1 . . . w 1 v[ kll -\ 

where: 

ba if k± > 
a 2 if ki < 

and all other w i} v i} t i} and Ui are the same as for /i(a) in Claim (*a). 
We also have: 

fi(ab) = {w m vt m ^) t m ut mhl w m ^ . . . WivW-HiU^- 1 . . . w 1 v[ kll ~ 1 T 1 



t 



AA 



where: 

b 2 if ki > 
ab if ki < 

and all other Wi, Vi, ti, and U{ are the same as for //(&). 

Proof of Claim The proof goes by induction on the number of non-zero exponents 

k m , h m , . . . , ki in /i. By assumption, in Claim (*/?) we have &i 7^ 0. 

Base of the Induction: A straightforward induction on k x shows that for all ^gZ - {0}, 

a 3 a |fcx|-l &Q . if ki > o 
a 2 66 |*i[-l a 2 if fcl < 
a 3 a |fci|-l fo 2 if ki > o 

a^fol^l" 1 ^ if fci < 
So Claim (*a) holds when we just have one non-zero exponent. 
Inductive Step. 

The proof of the inductive step is very similar to the proof of the inductive step of Claim 
(*a). The results are the same too, except for t% and T\, which are dealt with in the base of 
the induction. 

The proof of Claim completes the proof of Theorem 16.41 □ 



(3(b) = 
p(ab) 



11 Appendix A4 

In this appendix we give the proofs of the Lemmas related to Theorem I7.2[ about the repre- 
sentation of Thompson groups in algebras. 

Lemma 11.1 B^ is closed under multiplication. 

Proof. The condition that {(yi,Xi) : % E 1} is finite-to-finite will guarantee that multiplica- 
tion in Boo is well defined (i.e., no infinite sums in IK are used). Indeed, let Yujej a j v i u j 1 > 
Efceif PkhSk 1 e ^00, and let 

Then, for any fixed i E I the coefficient of yiX~ x is 

Ki = Yl,{ a j fik '■ j E J, k E K are such that yix^ 1 = VjUj 1 t k s k x }. 
If yiX^ 1 = VjUj 1 tkS^ 1 then we have the following two possibilities: 

[case 1] y%x~l x = v^r^s^ 1 , if % = Ujr k < pre f Uj, for some r k E A*, or 

[case 2] y%x^ x = Vj^SkWj)' 1 , if t k > prc f Uj = t k Wj, for some Wj E A*. 

In both cases, there are only finitely many ways to choose v j for a given (since Vj is a prefix 
of yi). Hence, there are only finitely many ways to choose Uj (by the finite-to-finite property of 
the sum ^ aj VjUj 1 ). 

In case 1, r k can be chosen in a finite number of ways (being a suffix of yi), hence there 
are only finitely many choices for t k . Hence, there are only finitely many choices for s k (by the 
finite-to-finite property of the sum ^ PktkS k 1 )- 
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In case 2, tk is a prefix of Uj, and there were only finitely many possible choices for tk (since 
there are only finitely many choices for Uj in both cases, as we saw). By the the finite-to- finite 
condition of the sum Yl PktkS^ 1 , there will only be finitely many choices for s&. 

In summary, if we fix just (irrespective of what Xi might be), y%x~ x has only a finite 
number of factorizations of the form DiXj 1 = VjUj 1 tfcS^ 1 (for a fixed X^eJ a i v j u j 1 anc ^ 
Y2keK PktkS^, 1 £ £>oo)- Therefore, Ki = Yl{ a j Pk '■ j,k etc. } is a finite sum, hence Hi is well 
defined. 

The above also implies that yi determines a finite number of possibilities for x such that 
DiX' 1 £ {ViXj 1 : i £ 1} (for a fixed aj Vjuj 1 , J2 k Pk^kS^ 1 £ £>oo)- Hence, \ji determines a 
finite number of possibilities for the value of Xj. In a similar way one proves that, given Xi, there 
are only finitely many choices for y such that yx~ l £ {yiX~ l : i £ I}. Hence the finite-to-finite 
property is preserved under multiplication. □ 

Lemma 11.2 The algebra Aoo consists of the elements ^2 ieI n% y%x~ x of B^ that have the 
following three properties: 

(1) The relation S = {(xi,yi) : i £ 1} is bounded finite-to-finite (i.e., there is a bound on the 
cardinalities of all the sets S(xi) and S~ 1 (yi) as % ranges over I). 

(2) In {xi : i £ 1} and in {(/, : i 6 I}, all > prc{ -chains have bounded length. 

(3) The set {ki : i £ 1} is finite (i.e., only finitely many different coefficients occur). 

Proof. Properties (1), (2) and (3) are straightforward consequences of the definition of A^. 

Conversely, suppose ^2 ieI KiyiXj 1 £ B^ satisfies (1), (2) and (3). Let ni >x , ni >y , n 2>x 
and ri2,y be the bounds that occur in properties (1) and (2); n 2jX is the maximum length 
of a > prc f-chain in {xi : i £ I}, and similarly for n 2iy ] ni jX = vnax{\S(xi)\ : i £ I}, and 
n ltV = max-flS- 1 ^)! : j £ I}. 

We want to prove by induction on n 1>x + n 1}V + n 2jX + n 2tV that Yliei Ki Vi x i l ls a nn ite linear 
combination of elements of U^ rt . 

Base of the induction: If n 2)X = n 2tV = 1 then {xi : i £ 1} and {yi : i £ 1} are prefix codes. 
If in addition ni iX = n liV = 1 then the relation S is injective, hence Yi^yiX^ 1 £ U^ Tt . It 
follows that Yliei Ki Di x J l ls a finite linear combination of elements of U^ rt , since {k^ : i £ 1} 
is finite. 

Inductive steps: If n 2>x > 1, let P = {x^ : i £ J} C {xi : i £ 1} (J C I) be a pre- 
fix code which is C-maximal in the set {xi : i £ I}. Then ^2 ieI ^% yiX^ 1 = Xliej KiyiX^ 1 
i & i-j ^iViXi ■ Since P is maximal within {xi : i £ I}, the longest > prc f-chain in {xi : i £ 
I — J} is strictly shorter than the longest > prc f-chain in {xi : i £ I}. So, the number n 2tX has 
strictly decreased for ^ igJ _j Kiyix~ l , while the other three numbers did not increase. Hence, 
by induction, ^2 ieI _j K>i y%x i £ A. 

For the sum n% y%x~ x the number n 2;x = 1; if for this sum the number n 2tV > 1, we 

take a prefix code Q = {yi : i £ H} C {y ri : i £ 1} which is C-maximal in {y, : i £ 1} . Then 

YiejKiyiX' 1 = T,i&H K iyi x i 1 + TtieJ-HKiViXi 1 - Then for J2ieJ-H K iVi x i \ the number n %y 
(i.e., the maximum length of a > pre f-chain in {yi : i £ J — H}) has strictly decreased, while the 
other three numbers did not increase. Hence, by induction, Yliej-H K iVi x i l -^oo- 

For the sum J2 ieH ^y^x' 1 , the numbers n 2;x = n 2jV = 1 (since both {xi : % £ H} and 
{yi : i £ H} are prefix codes). If for this sum ni >x > 1 or ni >y > 1, we write ^ i&H KiyiX' 1 as 
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a finite addition of sums for which the numbers n\ )X and n^ y are 1 (while n 2tX and ri2, y remain 
1). Now we are back in the base case. □ 

Lemma 11.3 There is a one-to-one correspondence between (1) the set of all isomorphisms 
between (essential) right ideals of {a,b}*, and (2) the setU^ rt (respectively Uoq) . 

Similarly, there is a one-to-one correspondence between (1) the set of all isomorphisms 
between finitely generated (essential) right ideals of{a,b}*, and (2) the setU v wt (respectively 
U v ). 

Proof. We give the proof for U^ rt (and for Woo); for W{T rt and U v it is similar. The corre- 
spondence map is 

E : v i — > T /xe p 1 ^( x ) x ' 1 
where Pi (the domain code of tp) is a prefix code. This map is clearly onto U^ Tt . Injectiveness 
of E follows from the fact that the map defined below, is the inverse of E: 

* : EieiVi^ e WP art (</? : {Xi :i G I}A* - { Vi : % G I}A*) 

where <p is defined by (p(x) = ^2 ieI y%x~ x x fl A*. Equivalently, (p(x) = yjiu if x — Xjiu for 
some j G /, w G A*; <p(x) is undefined otherwise. Then, since {xi : i G /} and {y^ : i G /} are 
prefix codes, (p is an isomorphism between right ideals (which are essential if ^ ieI y%x~ x G £4o)- 
□ 

Lemma 11.4 The sets U.^, Uy, U^ Tt andUy 311 are closed under multiplication. 

Proof. Let <r 2 = Ylj&jVjX] 1 '■> °"i = ^2iei Vi u i l e ^oo Tt - I 11 the product <7 2 <7i, each term 
yj xj 1 ■ Viu7 L x falls into one of the following four cases: 

(0) Xj and V{ are not prefix-comparable: Then yj xj 1 ■ Viu7 L x = 0. 

(1) Xj < prc f Vi : Since {v^ : i G /} is a prefix code there will be at most one V; L for a given 
Xj, such that we are in this case; so, there is a partial function / : j G J i— > /(j) G / such 
that < prc f The domain of / is dom/ = {j G J : Xj < prc f t>i for some i G /}. For every 
j G dom/ there is (a unique) Zj G A* such that Xj = Vf^Zj. Now, yj xj 1 • v j w" 1 = z,^ 1 w^A)- 

(2) Xj > prc f Vi : Since {xj : j G J} is a prefix code there will be at most one Xj for a given 
fj, such that we are in this case; so, there is a partial function g : i G / i— > G J such that 
£j > P rcf ^i- The domain of (7 is doing = {i G / : Xj > prc f f « for some j G J}. Then there is (a 
unique) U G A* such that Vi = Xg^U. Now, yj xj 1 ■ ViuT 1 = y g {i) UuT 1 . 

(3) Xj = Vi : Then yj xj 1 ■ ViuT 1 = yjWT 1 Moreover, for a given Vi there is at most one 
Xj such that Xj = Vi. The same reasoning as in the two previous cases applies here; we can 
write i = f(j) and j = g{i), i.e., this case corresponds to j G dom/ fl imy, or equivalently, 
i G doing n im/. Now, yj xj 1 ■ v { u' 1 = yj u~^ jy 

This yields the following formula for the multiplication in U^ Tt : 

jeJ iei 

j e dom/ n img j £ dom/ — img i £ domg — im/ 
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Let us check that the domain code {uf^Zj : j G dom/} U {u,i : i G" im/} of <72<7i is a prefix 
code, which is maximal if cr 2 , <7i G Woo. (For the image code {y g (i)ti : 2 G doing} U {yj : j G" img} 
of cr2CTi the proof is similar.) Indeed, for each i G imf (this corresponds to cases (1) and (3)), 
the set 

z i = i z j ■ f(j) = = : J G J } 

is a prefix code of A*, which is maximal if {xj : j G J} is a maximal prefix code; see Lemma 
18.51 for the notation ui{. . .}. Similarly, for each j G img (corresponding to cases (2) and (3)), 
the set Tj = {tj : g(i) = j} = x] {vi : i G J} is a prefix code of A*, which is maximal if 
{vi : i G J} is a maximal prefix code. This follows from Lemma 18.51 since {xj : j G J} and 
{■Uj : z G J} are prefix codes. 

Now, observe that {uf^Zj : j G dom/} U : i G" im/} = |J i jUjZi. By construction 
(2) in Example 11.11 this is a prefix code, which is maximal if {ui : i G /} and each Zj are 
maximal (moreover, each Zj will be maximal if {xj : j G J} is maximal). Similarly, {y g ujti '■ 
i G doing} U {yj : j G" img} = {Jj &J yjTj is a prefix code, which is maximal if {yj : j G J} 
and each Tj are maximal (moreover, each Tj will be maximal if {t>j : z G 1} is maximal). 

Now, from the multiplication formula and the fact that the domain and image codes in that 
formula are indeed prefix codes, it follows that U^ rt is closed under multiplication. Since the 
domain and image codes in the formula are maximal prefix codes if the sums are in Woo, it 
follows that is also closed under multiplication. For Wy art and Uy the proofs are similar. 
□ 

Lemma 11.5 The one-to-one correspondence $ of Lemma Hl.cll is a homomorphism, i.e., for 
all a 2 , oi G W£ art : $(cr 2 • a x ) = $(cr 2 ) o $(oi). 

Proof. Let o 2 = £\ 7 //,.'' ; 1 • en = E tg j ^uj 1 and tt = E Vj^m+Y. VjZj ^h&Y , Vg^UuT 1 , 
as in the multiplication formula of Lemma 111.41 We also saw in Lemma 111.41 that D = 
{uf(j)Zj : j G dom/} U {uj : % G" im/} is a prefix code of A* (which is maximal if <7 2 , o"i G Woo)- 
It is straightforward to check that for all x G DA*, &(it)(x) = ($(0-2) &{°~i)){ x ), an d both 
sides are defined. 

For all x G" DA*, $(7r)(x) is undefined; so, to complete the proof we still must show that 
($(cr 2 ) o $(cti))(x) is undefined when x G" DA*. Note that x G" DA* iff x > pre f d for some 
d G T>, or x is not prefix-comparable with any word in D. More technically, $(<72)($(cri)(a;)) 
is undefined iff for all i G I , j G J: either we have ViUT 1 x G" A*, or we have t^w" 1 1 = s e i* 
but yjxj 1 s ^ A*. 

Case 1: x > prc f d for some d E D. 

Let {<ifc : /c G K} G D be the elements of D that have x as a prefix; all other elements of D 
are prefix- incomparable with x (since TJ is a prefix code). 

• If x > pre f dk and dk is of the form Ui (with Vi = Xj or < pre f Xj), or if c4 is of the form UiZj 
and x > prc f Mj = xsi (for some non-empty word s« G A*), then ViU~ l ■ x = ViSj 1 G" A*. 

• If c? fc is of the form UiZj (with > pro f Xj = f^j), and Mj > pre f x = M,Sj > pre f WjZj, then 
v iU~ l ■ x = ViSi, and yjxj 1 ■ ViSi = yjZ~ 1 Si = (since Sj and are not prefix-comparable). 

So, in all these cases, $(a2)( < I ) (cri)(x)) is undefined. 

Case 2: x is not prefix-comparable with any word in D. 
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If x is not prefix-comparable with any word Ui then <3>(<7i)(x) is undefined (viU^ 1 ■ x = for 
all i). 

If x > pre f Ui for some Ui then x is prefix-comparable with some word in D, but this cannot 
happen in Case 2. 

If x < pre f Ui for some Ui but a; is not prefix-comparable with any word U{Zj G D, then for those 
words Ui we have: x = WjSj where Sj is not prefix-comparable with z^-. Then t^w" 1 x = v jSj G A*, 
but fjSj = yj(v i Zj)~ 1 v i Si = UjZj l Si = (since Sj is not prefix-comparable with Zj). □ 

It will be useful to extend the definition of the map $ of Lemma 111.31 to all of A^- First 
some notation: For a set S and a field IK we denote the set of all finite ~K-multisets over S by 
K[if>]; such a multiset has the form : j = 1, . . . , n}, with n G N, G IK and Sj G S*. For 

an Y Ei e j K iUi x i l e -4oo we define 

$(E i£ / Wr 1 ) = (ip : {xj : i G - : z G 

where <p is defined by 

y?(x) = {KiyiX~ l x : i e 1} n K[A*] = {ft, yiWi'.i G I, Xj > prcf x = x^}. 

Lemma 11.6 T/ie one-to-one correspondence S o/ Lemma E ■ H respects the congruence rela- 
tions on the set (induced by \ oa ) and on the set of all isomorphisms between essential right 
ideals (i.e., two isomorphisms if \ and ip2 between essential right ideals are congruent iff £(<£>i) 
and S(y9 2 ) are congruent). A similar fact holds for Uy. 

Proof. We only prove this for for U^; for Uy it is similar. Suppose tp\ and <p 2 are congruent, 
i.e., ip2 can be obtained from ipi by extensions and restrictions. Then, by Lemmas 12.31 and 
12.41 any extension or restriction of (pi can be carried out by repeatedly (perhaps infinitely 
often) using maximal prefix codes Q, as in Lemma [2.41 This corresponds precisely to applying 
(perhaps infinitely many) relations of the form EgeQ^ -1 ~^ 1 f° r an extension, or with "— >" 
replaced by " for a restriction. Hence £(<^i) and £(^2) are congruent modulo Iqo- 

Conversely, if £(<^i) and £(^2) are congruent then their difference is an element of loo, i-c, 
£(y?i) — £(^2) is a linear combination of elements of the form 

E,. .1 ' ■ E; 6 / ^(E^q, 1 ~ l)^ 1 ' Ej^^ 1 , 
where {xj,z G /}, G J}, and every Qi are maximal prefix codes, and where ^2j e jVjUj , 

Since {xj, i G /}, {j/i, i G /}, and every Qi are maximal prefix codes, it follows that U;e/ x iQi 
and |J igJ yiQi are maximal prefix codes, by construction (2) of Example 11.11 It is straight- 
forward to check that Eie/ ^(E g eQ t II -1 ~ l) 3 ^ 1 ac ^ s as the em pty map on the essential 
right ideal [J igJ XiQi A*, i.e., for every x = Xi qow (with i Q G I,qo G Qi and w G A*), 

E/ G /l/i(E (?e Q ! W" 1 - l)^ rl -ar = 0. Therefore, E ie j 3/i(£ g6 Q, ~ *K 71 " E fce ^ 1 
acts as the empty map on the set 

This set is a right ideal (being the image of the right-ideal isomorphism $(£ fceK - s ^k ))> 
but not necessarily an essential right ideal. Let RA* be any essential right ideal containing 
^(EfcetfSfc^XUie/ZiQi^*)- Then Eie/^CEgeQ^? -1 ~ tyi* ' Efeex^fe 1 acts as the 
empty map on iL4*, and so does Ejej^J 1 • Efer^(E g eQi - IK" 1 ' EfceA"** 5 * 1 - 
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Thus, if i and if 2 agree on the essential right ideal RA*. Therefore max if 1 = max if 2 by 
uniqueness of the maximum extension ( Lemma 12. 1|) . □ 
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